Technical Article

On Causes for Solution Inconsistencies and their Localization by
Means of a Generic Finite-Element Multi-Field Approach Applied

to Semiconductor Simulation

Abstract — A local assessment of solution stability of highly non-
linear coupled multi-field partial differential equations discretized
by the finite element method is presented. The assessment is based
on a set of generic multi-physical partial differential equations,
which is exemplary applied to the drift-diffusion semiconductor
carrier transport model. The semiconductor problem, as the stan-
dard model for semiconductor device simulation, renders a coupled
non-linear system of equations. The system is known for causing
convergence problems in the iterative non-linear solution proce-
dure. The solution process strongly depends on the discretization.
We investigate the influence of physical parameters on the conver-
gence by applying two general instability indicators, the Péclet and
the Damkdéhler number, to the Jacobian of the discrete semiconduc-
tor problem. The use of analytic or symbolic derivatives of physical
parameters provides the sought insight to the causes of instabilities.

1. INTRODUCTION

It is known from finite element analysis of elliptic partial dif-
ferential equations (PDEs) that co-occurrence of convection and
reaction with diffusion may cause the classical Galerkin method
to produce solution inconsistencies on coarse discretizations.
This is particularly true if convection or reaction become dom-
inant compared to diffusion. Characteristic numbers stemming
from ratios of reaction or convection over diffusion considering
the mesh size indicate the occurrence of solution inconsisten-
cies [1, 2]. A prominent example of such a figure is the mesh
Péclet number. It quantifies the ratio between convective and
diffusive flows with regard of the mesh size. If the mesh Pé-
clet number is large the problem becomes singularly perturbed
and sharp boundary layers appear that cannot be resolved by the
mesh. In this case, the simulation results show heavy, spurious,
non-physical oscillations which may extend over broad regions.

While it is common to employ /- or Ap-(self-)adaptation meth-
ods to resolve problems related to coarse meshing, this ap-
proach may not be feasible for convection-dominated problems.
The solution on a coarse mesh often does not show the char-
acteristics of the true solution and often is non-physical. A
remedy is found in stabilization methods such as SUPG (also
termed as SDFEM) or the Scharfetter-Gummel method [3, 4].
These methods are deduced from linear one-dimensional con-
siderations on an equidistant mesh whereas generalizations to
the multi-dimensional, multi-physical and non-linear cases on
graded meshes are a continuing research topic.

For the class of diffusion-convection-reaction problems, a fur-
ther parameter exists that quantifies the ratio between the dif-
fusion and reaction. Such a parameter has been used e. g. by
Idelsohn and Hernandez [5, 2]. We refer to that parameter as the
Damkohler number. The majority of publications concentrate
on instabilities caused by high Péclet number and comparably
fewer consider the combined effect with high Damkéhler num-
ber [6, 7].

Convection-diffusion problems appear in various technical areas
such as electrochemistry, fluid flow problems, chemical reac-
tor design, magnetohydrodynamics and motional induction, to

name few. As an interesting example we investigate the prob-
lem of charge transport in semiconductors.

The classical finite-element drift-diffusion semiconductor prob-
lem is based on Boltzmann transport equation. It has been suc-
cessfully employed in one spatial dimension by Gummel [8] and
has been extended to a two-dimensional finite-difference cal-
culation by Slotboom [9]. Since then much progress has been
achieved on the subject of modeling the semiconductor current
transport by means of the finite element method to various as-
pects of the modeling difficulties [10, 11].

For a long period of time and even until today, the two-
dimensional simulation of the semiconductor devices is still in
use. Despite the growth of computational power, simulation
of semiconductor carrier transport in three dimensions remains
limited to small spatial regions or basic electronic components
such as single transistors or diodes. That is due to extensive re-
quirements on the mesh density that are imposed by the model to
produce physically consistent solutions. Furthermore, the drift-
diffusion semiconductor model is highly non-linear. Therefore,
the problem must be solved by an iterative solver, ideally a New-
ton iteration, employing a full Jacobian matrix re-computed in
each iteration step, which makes the solution of semiconductor
charge transport computationally expensive.

Obtaining a convergent simulation is often a trial and error pro-
cess. There is always the attempt to obtain a meaningful solution
by means of as little computational effort as possible. Making
the mesh size smaller in necessary regions and leaving it toler-
able coarse elsewhere is an often employed strategy - but how
to decide where to set the regions of small mesh size? Analytic
considerations suggest the use of a mesh size close to the charge
carriers Debye length. That requirement proposes element size
in order of nanometres, which makes the vast majority of prac-
tical semiconductor device simulations not feasible by means of
reasonable computational expense.

Locating regions with insufficiently fine mesh size is not a
straightforward task. There are some well-known spots in a
model tending to produce solution failures such as regions in
vicinity to contacts or boundaries with Dirichlet boundary con-
ditions and the regions with high net doping gradient. Locating
regions in the model that cause instabilities by means of the Pé-
clet and the Damkohler numbers can be beneficial and a more
straightforward approach.

By means of a generic model for second-order partial differen-
tial equations, we aim to apply a technique for indication of so-
lution inconsistency to the semiconductor problem which can
also be generalized to other multi-physical applications. Gener-
ally speaking, all models that are formulated as partial differen-
tial equations of second order are seen as consisting of distinct
generic terms: diffusion, convection and reaction.

The mapping of parameters of a specific problem such as for ex-
ample the semiconductor drift-diffusion model must be done by
choosing coefficients of distinct terms of the generic model (4)
to replicate the problem statement. For the drift-diffusion semi-
conductor model that mapping is presented in section III. At
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first glance it may seem that the model comprises of diffusion
and convection terms only. At a further analysis of the Jaco-
bian, it is found that the model includes diffusion, convection
and reaction simultaneously.

II. THE PHYSICAL MODEL AND FINITE-ELEMENT EQUATIONS

The multi-physical problem is established by means of a generic
partial differential equation given by r in (1). In a multi-physics
setting, 7 is a vectorial function

ré (ut) =0. (1)

The generic formulation of a multi-physical equation over the
domain 2 is given in the differential form by equation (2). Equa-
tion (3) presents the general boundary condition to hold on 0f2.
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To reach notational brevity we use sum convention (Einstein
notation) which implies summation over co-occurrent indices
in each term. Indices s,t enumerate scalar fields, indices ¢, j
enumerate spatial coordinates and indexes n, m will denote de-
grees of freedom in the following. Each index is interchangeable
by other index of the same group without altering the meaning.
Table I presents the index symbols, their ranges and the corre-
sponding variables. The total number of simultaneously consid-
ered scalar fields is ngr, whereas ngor denotes the total number
of degrees of freedom.

Without loss of generality, indices may range either over the
whole discretized domain or over subsets, such as a single el-
ement or a compound of elements. Field-denoting indices are
placed in superscript exclusively, making it easy to obtain a
single-field representation of given equations by dropping field-
enumerating superscripts.

Equation (2) incorporates the coefficients u” , Y5t ﬁjt and %t
which in most engineering and physical problems are identified
as material properties. Spatial indices 4, j indicate that material
properties are assumed to be anisotropic. An overview of all
terms of the generic PDE is given in Table II.

Given that & are the shape functions and £, are the test func-
tions and setting

t

u' = w,&]

n

the weak form of the generic multi-field equation is written as
follows:

TABLE 1. INDICES USED IN THE SUM CONVENTION

Group Corresponding Reserved Range
Variables Symbols

spatial coordinates ~ z;, x; 1, 7,1 Longn,

degrees of freedom w,,,w,, wp m,n,p 1o mgoe

scalar fields u?, uf u? s,t,v L.ng
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By mapping of material properties to coefficients of (4) the
global system of coupled multi-physical equations is established
for each specific physical equation:

T'm = Amnwn - bm (5)

In a non-linear setting v} (u") , 7* (u') , B3 (u'), o (u'),
f¢ (u') and g5 (u') are functlons of the unknowns. In that case,
the solution is obtained in an iterative process by subsequently
applying

w,, = w, + 0w, (6)

from a series of intermediate solution steps dw,, starting from

and stepping towards a better estimate of the final solution
w;,. The steps are computed by means of an iteration matrix.
By each iteration step the final solution is approached except
for cases where the iteration leads to divergence.

rI

If the iteration matrix is chosen to be the Jacobian J,,,,,, we refer
to iteration (6) as Newton iteration which is preferred according
to its high convergence rate. The Jacobian is constructed from n
derivatives of the residual vector r,, with respect to the degrees
of freedom:
ar,, (w
Dy = L) ™)
ow
The global system of equations rearranged in the non-linear set-
ting becomes

n

Jmn5w7l =Thn (8)

or written out as a set of intermediate terms by using (5) and (7)

04,, b
Amn+ G0 0 ™ G,

n

™ Sw,, = — (A,w, — b)) (9)

mp=p

Here we use the index p as subsidiary of n to avoid notational
ambiguity.

In the global system of non-linear equations we find the terms
A,,, and b,, which are obtained by a single evaluation of r,,
The rest of the Jacobian terms are established by means of
derivatives which presents a more laborious task. We refer to

TaBLE II. PDE TERMS FOR THE GENERIC EQUATION

Term  Mathematical Physical
Formulation Meaning

vterm V- (V (uh)) = % (yff%) Diffusion

yterm V- (yflul) = aﬁ (ygtut) Convection
B-term  B5'Vu' = g5t gz Convection
a-term  aStul Reaction

f-term  f° Field source

%)

g-term V- (g7) = 5297 Flux source




. A
A,,» and b, as residual terms whereas oWy and 2m a are
called the Jacobian terms.

mn

Before addressing the calculation of the Jacobian terms, the
semiconductor drift-diffusion problem is derived in terms of the
generic equations (4) and (9) in the following section.

III. SEMICONDUCTOR DRIFT-DIFFUSION MODEL

The semiconductor drift-diffusion model consists of three par-
tial differential equations. The Poisson equation describes the
electrical potential depending on the space charge distribution.
Two drift-diffusion equations for electrons n and holes p govern
the semiconductor charge transport. The thermal effects on the
device characteristics (e.g. charge carrier mobilities) are consid-
ered negligible in the given setup.

V-E=V-(-VU0)=p (10)

V. Jn =V [qeun (nV\I/ + ‘/thvn)] = qeRSRH (11)

V- J, =V [gp, (VY =V Vp)] = —q. Rspn (12)

np —n?

Tn (p +p0) + 7—p (7’L + ”0)

(13)

RSRH =

Equation (4) models the Poisson equation (10) if the electric po-
tential represents the unknown and the v !_term is the permit-
tivity tensor of the material. The right-hand side sums up the
total charge carrier concentrations by means of the f*-term. In
that way, the drift-diffusion carrier transport equations (11), (12)
are both coupled to the Poisson equation trough the source term
fszl.

There is a certain freedom how individual terms are mapped
to those of the generic equation. For instance, the charge
carrier concentrations 7, p can also be represented by setting

a®| 1, 55 = 1. We will see later that considering the Jaco-
bian both ways of coupling will result in the same final matrix.
The three potentials v, u,, ug for the semiconductor problem
represent the three scalar fields: electric potential ¥, electron n
and hole p carrier concentrations.

The basic semiconductor equations provided in form of generic
terms read as follows:

0 ov
1 = —— . — —_ —_ —_
= 8(151 (61] 8$J> de (p n+ ND NA) (14)

0 on ov
2 _ - R P
"= Oz, (Dm] azj ““axi

. 0 dp ov
3__% (Dpz_]a +:U’pa ) +RSRH (16)

n> + Ry (15)

Equations (14) - (16) present the full set of residual terms, from
which the Jacobian terms must be derived. We will see that the
Jacobian terms are of the same form as A,,,,,. The resulting Ja-
cobian terms form an additive matrix component that we refer to
as the Jacobian component ¢, which contains only the Jaco-
bian terms (terms stemming from derivatives of 4,,,,). The sum
of the two by means of (7) yields the general Jacobian matrix:
0
Jmnza—wn(A w —bm)

(17)
04, ob,,,
= A ow, P ow, = A+ P

n

n

There are different ways in which derivatives are typically ob-
tained in a practical implementation, i.e. by numerical differ-
entiation or automatic differentiation. We consider analyti-
cal derivatives, which enables us to reveal important numeri-
cal implications of the distinct Jacobian terms. When assem-
bling the Jacobian, the sum of Jacobian and residual terms

TaBLE III. PHYSICAL PARAMETERS OF THE SEMICONDUCTOR PROBLEM

Parameter Intrinsic Relation

Simulation default value Unit Description

T
q. 1.602-1071?
T 300
v
Vi Vi = 2L n (Xaghe)
k
Vin Vin = Se
€ €,€o €, =11.9
-3,
n n=mnge ‘o
P, =T
p p = Nn.c Vlh
n; np = n? 1016
Ny Ny, = 1022
Np Np, = 1019
M 0.14
Hop 0.045
Dn Dn = Mn‘/th
Dp Dp = /’Lp‘/;h
2
np—mn;
Ry Rgry = 7. (p+py )+, (7,+,L0)
Ta Ty = H]\]ﬁ 3.95 - 10_5
Tp Tp = ﬁ 3.52 - 10_6

i

m Spatial variable
As Electron charge

K Temperature

v Electrical potential
\% Build-in voltage

v Thermal voltage
As

Dielectric constant

Electrons density

Holes density

Intrinsic carrier concentration

Acceptor doping concentration
Donator doping concentration

Electron mobility
Hole mobility

(53

Electron diffusivity
Hole diffusivity

IR R E R - EETRETRCIRE TSR TR

Shockley-Read-Hall recombination

Eu)

Electron lifetime

© w

Hole lifetime

2]
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A, + ®,,, may cause the overall non-linear problem to be-
come of diffusion-convection-reaction type. In that case it may
be shown that material parameters can negatively affect the sta-
bility of the Newton iteration.

In all practical cases of non-linear multi-physical problems the
material parameters depend on the potentials u! or their gradi-

ents Gy = au . In the case of the drift-diffusion model those
T
are U, n, p and VU, Vn, Vp respectively.

The derivatives in a general setting are given by:
ovel gut oyt ag; 0¢;
t\ __ vz [ t ~Jd v m
Pn (u)/g<6u” Oz T T u " Oz,
085" out 9ot 3f5 ves
+/Q<8u”3xj+8u”u Snbm
g™ 0
7/ (a(iv“t p>€§s
2 SV ¢V és 2 SV ¢V ¢S NSV ¢V ¢S
’Yz n 5 +a fngm - «a fngm
L o0

st Aut 87»“ ag.s agv 355
- ij ou” it 4 n m
P, (GF) = /Q <aglv oz, " og7 " T 9y | ow, ox,

+/ aﬁ;f@+aastut_afs 8555;;
o\ 0G) dx; OGP oGy | o,

B 9> 3ps> 9%, s
L, (agf“ *895’ Dy o
_ / w0 0 D5, 6£n .

3&

’Ll or a - B
An analysis of the above Jacobian terms shows that the deriva-
tives of 7/ (u') , 7" (u') and g3* (u') in the residuum equation
(4) with respect to the unknown add a -, term to the Jacobian.
The derivatives of 35* (u'), a** (u') and f* (u*) with respect to
the unknown add a & terms to the global Jacobian. In analogy,
when differentiated with respect to the gradient of the unknown,
additional 7;; and 3; terms are introduced.

Of special interest for the semiconductor problem are two cases:
The first case results from the non-linear v;;-term of the elec-
trons and holes transport equations (the drift current compo-
nent). When differentiated with respect to the unknowns, it con-
tributes ¥, = p, pg in proportion to the gradient of the elec-
tric potential, in other words the electric field. In the second

Poisson equation or as a*!-terms. In either case, the Jacobian
consists of a* + &% which leads to the same final expression. A
similar situation appears for the (non-linear) drift current and the
product of electric field strength and carrier concentration which
either could be interpreted as a - or a v-term. That way, in the
context of the Newton iteration, the non-linear semiconductor
drift-diffusion model in fact is a diffusion-convection-reaction
type of problem, which is prominent for being unstable and it
is not possible to rearrange terms such that the unfavorable nu-
merical properties disappear.

Differentiation of r', 72 and 72 yields the Jacobian terms pro-
vided in the following:

Q1o = ?977: =q (19)
Qi3 = %Tl =—q (20)
Py = % =V (1yn) 21

B 877“2 L or? _ ORgpy
on  OVn  9In

+V-(D,) (22)

o or*  ORgy

D= ot oo = o (23)
or3
D31 = VU =V (/‘l’pp) (24)
O3y = %i = OI;ZRH (25)
B or? _ ORgry
O3 = 3717 = Tp (26)

with

— 7, (np —nf)
2

ORspyy P (10 (P +pg) + 7, (0 + 1))

an (Tn (p + pO) + 7—p (’Il + nO))

case, differentiation of f-terms of the carrier transport equations 27)
representing the carrier recombination rate add & = 838% or
s — ORspp
o =
Op _ _n2
Considering the terms occurring in the Jacobian according to 9Rspy _r (ra (P +py) + Tp(n+ ) — T (;Lp n)
(17) in combination with expressions for ®,,. (u!) it is irrele- op (Ta (P +po) + 7, (n+ ny))
vant whether n and p are placed on the right-hand side of the (28)
11 _ 212 _ 13 _ _
Vi =i T o v fr=a (Np+p—Ny—n)
V22 = D,
. . AR
yfjl = — 10 522 = —p, VU G2 = s ni| _ f? = —Rspn
099 _ OR
622 = 2 |
. f? = —Rsru
V3l = jipn 632 — agflm 433 = pu, VU
I &33 — GI;ZRH i
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IV. COMPARISON OF DISCRETE AND CONTINUOUS EQUATIONS

The arrangement of coefficients as given above helps in analyz-
ing the instabilities in the semiconductor problem. According
to the above proposition, the type of the term of a coefficient as
well as the magnitude of the parameters are crucial for the sta-
bility of the Newton iteration. It may not be an obvious obser-
vation that the problems arise not from the underlining equation
system, but rather from the Galerkin-discretized model of the
problem.

In order to elucidate and analyze the primary cause of instabili-
ties we consider the simplified case of the one-dimensional ver-
sion of the continuous (2) and the discrete counterpart (4). The
continuous problem has a solution which has the form

u(z) = ale’\lx + a26k2” (29)

with A\; and A, being the roots of the characteristic polynomial
of the 1D differential equation (assuming [ incorporates both
convection terms)

/\172 — ﬂi— Vﬂ2+4al/ (30)

2v

Assuming uq, uy, us denoting the discrete potential values at
three neighboring grid points and h being the mesh size, the
Galerkin discretization produces a discrete stencil:

h h? 2h?
—y—f—ﬂg—f—ag us + 2V+a7 Uy +

2

<—y — Bg + ah6) up =0 (31)

The discrete difference equation has the solution:
wp = agpy + agps (32)

The roots 111, po of the characteristic polynomial for the discrete
solution are given by

2+ %ozh2 + h\/ﬂ2 +d4va + %a2h2
2v — Bh — %ozh2

H12 = (33)

Therefore, the roots of the discrete characteristic polynomial in-
herit the dependence on the mesh size. The continuous problem

o

]

Fig. 1. The sensor has symmetry which allows to simulate a quarter of the whole
model.

shows oscillatory behavior only for 3% + 4av, while the dis-
crete counterpart also exhibits oscillatory behavior if the roots
fq o are negative (odd and even exponentials cause w;, of neigh-
boring mesh nodes to flip the sign, see (32)). This behavior is
nonconforming to that of the continuous solution, i. e. the oscil-
lations are spurious.

From equation (33), a condition indicating if a transition of
the roots to the negative region occurs depending on «, -
parameters in combination with the local mesh size may be de-
duced:

1
21/—|6|h—§ah2>0 (34)

Specifically, the diffusion coefficient ¥ may become small in
comparison with the combination of convection 3 and the re-
action « coefficients and mesh size. The mesh Péclet number
Pe, which is the ratio between diffusive and convective flows
over a characteristic length provides one measure to assess that
performance insufficiency, as pointed out e. g. by [1]. Stability
is also affected if ah?/v becomes large. This ratio is termed
as (second) Damkohler number. By increasing mesh size, the
magnitude of the Péclet and the Damkoéhler numbers increases
and eventually a root undergoes a sign change.

In the non-linear case, identification of distinct Jacobian terms
enables the mesh Péclet and Damkdhler numbers to quantify the
ratio between total Jacobian-convection I'; or the total Jacobian-
reaction A against the total Jacobian-diffusion N, ;.

L, =5+ 51 — (v +%) (35)
A=a+a (36)
Ny =vij + V5 37)

Since I'; is a vector, A a scalar and N;; a tensor, N, Jl I, is the
vector pointing in the streamline direction. By defining the mesh
size to be aligned with the streamline vector, following distinct
indicators are constructed for multi-dimensional elements based
on inner and outer products:

Péclet number  Pe = h;N, T, (38)

Damkéhler number  Da = h; N, h; A (39)

In a broader sense, condition (34) needs to be fulfilled to obtain
a consistent solution. Therefore, condition (34) now reads

3|Pe| + Da < 6

1024 4
_ 10224
E
=
£
2 1020
a
(=}
°
k]
Z 108

1016 4

0 5 10 15 20 25 30 35
zin [um]

Fig. 2. The doping concentration levels in the diode. Red line shows the negative
background doping NNy, blue line shows the positive doping N,
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and needs to be fulfilled to obtain a consistent solution. If the
condition is not fulfilled, we expect the solution to exhibit spuri-
ous oscillations and thereby the Newton iteration to stagnate or
diverge. There are two simpler conditions which are derived for
the convection dominated | Pe| < 2 and the reaction dominated
Da < 6 cases.

The generalization of the above consideration to the multi-
dimensional and multi-physical cases is ambiguous. Even the
correct quantification of h is debatable. It is common to ei-
ther take the diameter of the element, the longest edge or the
extend in the direction of convective flow (streamline direc-
tion). Progress to generalize to the multi-physical case are
scarce e. g.[12]. In this case the positive root criterion has to be
replaced by a corresponding condition of positivity of the eigen-
values of the system of differential equations. However, simple
criteria like (34) so are not available in the general case.

V. NUMERICAL EXAMPLE

Provided with explanations above, we now apply the Péclet and
Damkahler numbers for indication of solution inconsistencies
to the semiconductor problem. To apply the instability indica-
tion to the practical example of the semiconductor drift-diffusion
problem, we examine the simulation of a pn-diode as shown in
Fig. 1.

A. GEOMETRY

The diode geometry is an elongated cuboid in the z-direction that
is symmetrical along the x-z as well as y-z planes. An advan-
tage of the symmetry is taken by reducing the model to a quarter
cut-out and adjusting the boundary conditions accordingly. The
continuity at the symmetry planes is modeled by an electrically
isolating boundary condition since it may be assumed that any
currents in the normal directions to the planes would vanish.

The model side lengths in the quarter model measure d,, , =

10 pm, the depth in the z-direction is d, = 35 pum. The dis-

cretization in the z-direction h, has been chosen smaller than
h, ,, in the cross-sectional directions. The surface of the bi-
asing contact has been meshed by triangular elements of size
hy, = 0.1um. The default setup features the mesh size in
the z-direction (direction of diode depth) equal to o, = 0.1 um
whereas the cross-sectional discretization mesh size was set to
h,, = 1pm. To investigate the effect of mesh size on the so-
lution process, mesh size i, has exclusively been varied while

h ., has been held constant during all simulations.

A negative biasing at the p-contact switches the diode into a cut-
off regime. The diode operates in a high-ohmic state with ele-
vated electrical fields and near-zero currents. A contact pad is
located on one side of the diode which is connected to the biasing
voltage V,,,. = —0.5 V. The biasing is applied to the p-region
connector of the diode. The opposite side of the diode is con-
tacted and kept steady at the ground reference voltage V, = 0'V.

The doping varies solely in the z-direction with a diffusion depth
of 0 = 0.5 um. The doping profile of the diode is given by

_(\/5(2—35/,Lm))2
ND = NDO <]. +e 4o ) (40)

ﬁ)Z

]\[A:]\/v/\ot’f_(zlGr (41)

As can be seen from equations (40) and (41), the doping pro-
file consists of a basic negative donator doping Np and an ad-
ditional heavy acceptor doping Na. The full doping profile is
depicted in Fig. 2 where the blue line indicates the donator dop-
ing concentration and the blue line shows the acceptor doping
concentration.

B. SIMULATION STRATEGY

The diode geometry spatially resembles a pseudo one-
dimensional problem. Except in a region near to the pad, the
variation of computed quantities is assumed negligible in x- and
y-directions compared to the variation in the z-direction. We

TaBLE IV. SIMULATION RESULTS

Index of Meshssize Carrier lifetimes Iterations Intermediate Iteration Péclet Damkéhler
setup h,[0.2pum] 7, in total biasing steps  relaxations number (max) number (max)
1 0.2 Ta=23.95-10"° 20 1 0 1.37 (n,p) 0.074 (n)
7 =3.52-1076 2.73 (p)
2 0.2 T=395-10"7 43 2 1 1.37 (n, p) 24.4 (n)
T, =3.52-1078 824 (p)
3 0.1 ™m=395-10"% 31 3 1 0.69 (n,p) 0.02 (n)
T =3.52-107° 0.78 (p)
4 0.1 7™ =395-10"° 37 3 1 0.69 (n,p) 0.21 (n)
T =3.52-1076 7.67 (p)
5 0.1 T =2395-10"¢ 54 3 1 0.69 (n, p) 1.76 (n)
T =3.52-107" 63.3 (p)
6 0.1 Tm=395-10"7 95 3 6 0.69 (n, p) 1.94-10° (n)
T, =3.52-1078 6.76 - 10° (p)
7 0.1 7™ =395-10"% 104 3 10 0.69 (n,p) 5.5-1019 (n)
T =3.52-107° 1.9- 102 (p)
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Fig. 3. Local distribution of the Péclet number for the mesh having A, = 0.1 um (upper) and h, = 0.2 um (lower).

make use of that arrangement by observing the instability indi-
cators with respect to the third spatial dimension /.

A variation study of the mesh size h, and of the carrier lifetimes
Tas Tp has been carried out. Material default value used in the
simulation and values of other physical parameters are provided
in Table III.

For the event of iteration stagnation, the implemented Newton
iteration scheme has several mechanisms to sustain solution pro-
cess such as application of relaxation to the iteration update vec-
tor (down-scaling of an intermediate update) or the reduction of
the biasing voltage at the clamps by a factor between zero and
one. The application of these damping techniques is a deviation
from a pure Newton iteration and is accounted as undesirable be-
havior. However, the non-linearities of the drift-diffusion model
for semiconductors are in fact so strong, that both techniques are
necessary to solve even the easiest of semiconductor problems.

The Péclet and the Damkohler numbers Pe and Da have been
captured as post-processing data. The values have been deduced
from the final state of the solution. During the Newton iteration
Pe and Da vary according to the variation of the solution. That
means that some intermediate solutions in the iteration process
may show even higher numbers than what has been captured
from the final result. Therefore an intermediate solution may
cause the iteration to diverge.

VI. SIMULATION RESULTS

The examination of the solution stability is done by observation
of the Péclet number, the Damkgéhler number and the iteration
procedure. Stagnating iteration is quantified by a combination
of several measurements: The number of total iteration count,
the number of intermediate biasing steps and the number of uses
of relaxation during the whole iteration. Table IV provides an
overview of simulated setups and obtained results.

From analysis of the solution studies presented in Table IV the
main finding is that the Péclet number and the Damkdohler num-
ber correlate well with the iteration stability.

Another finding is that for the here analyzed drift-diffusion prob-

lem, the two instability indicators are rather weakly correlated
with each other. It is instead observed that the Péclet number

is mainly dominated by the mesh size whereas the Damkohler
number, although affected by the mesh size, is mainly domi-
nated by the electron and holes recombination time parameter.

The two correlations may be understood when (38) and (39)
are evaluated by means of the coefficients of the semiconductor
drift-diffusion problem. In that case, the Péclet number results
in

h U5l hpingp| — VI | - V|
Pe = 2l _ Zzfn, —h 42
e N Di SV (42)
aIQSRH
Da = h2-2mr. 43
“Duy (43)

As is observed, when applied to the drift-diffusion finite-
elements semiconductor formulation, the Péclet number takes
on the same value for electrons or holes. It solely depends on
the gradient of the electric potential and the mesh size. The
Damkohler number shows a more complex behavior. It is
greatly dependent on the carrier concentrations, the carrier life-
times and the mobilities of the two carrier types.

Since both indicators may be locally evaluated on the element
basis, the following presents the local distributions of Pe and
Da over the mesh for the various cases mentioned in Table IV.

The highest gradients mainly form in the vicinity of the contacts
and at regions of pn-junction. As can be observed in Fig. 3 an
increase of mesh size from h, = 0.1 umto h, = 0.2 um results
in a rise of the Péclet number above the tolerable threshold. By
experience, these locations in the models are known to produce
solution instabilities and therefore are accounted for by the users
of finite-element solvers. The refinement of the mesh at these
regions is therefore quite intuitive.

The sharp rise of the Damkohler number as a function of carrier
lifetime may not be obvious at the first glance. The derivative
of the recombination term contributes a highly non-linear term
that is dependent on the local carrier concentrations of electrons
and holes, the carrier lifetimes and on the mobility (which may
also be a function of the electrical field). From (43) and the nu-
merical computations it can be deducted that the recombination
terms may have a great impact on the stability of the Newton it-
eration for the semiconductor problem. Furthermore, by means
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Fig. 4. Plots of the occurrence of a region with a high Damkaohler number related to setup 4 and 7 in Table IV.

of indication of the Damkohler number, locations of the areas of
concern may be identified as can be seen in Fig. 4. As expected,
the rise of the Damkdohler number is accompanied by a notice-
able stagnation of the Newton iteration that can be deduced from
Table IV.
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