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The Virtual Element Method for magnetostatics:
Two possible approaches

Abstract — The Virtual Element Method (VEM) is a recent and
successful method for the numerical solution of partial differential
equations. The methodological background of VEM is presented
and its application in magnetic field analysis is shown; accordingly,
the numerical solution of linear and non-linearmagnetostatic prob-
lems is worked out in two- and three-dimensional domains. VEM
generalizes the classical Finite Element Method allowing for more
general elements (polygons and polyhedra, even non convex) and
enhanced local spaces. VEM and FEM can coexist on the same
mesh, ensuring the possibility of treating in a seamless way hang-
ing nodes and mesh gluing. An original technique for handling
the shape variation in a problem of optimal shape design is finally
presented.
Keywords: Virtual element method, finite element method, polygo-
nal/polyhedral meshes, magnetostatics, permanent magnet models.

I. Introduction

The Virtual Element Method (VEM) is a recent and successful
method for the numerical solution of partial differential equa-
tions [4]. VEM can be considered as an evolution of the finite
element method (FEM) that can make use of very general de-
compositions of the computational domain into polygonal or
polyhedral elements. The Virtual Element Method allows for a
generic degree of accuracy, that corresponds to the polynomial
degree in standard FEM, and exhibits an excellent robustness
with respect to mesh distortions. As a consequence of this flex-
ibility, VEM may be particularly useful in the presence of solu-
tions with varying regularity, for grid adaptation, using moving
meshes, and in discretizing complex geometries (just to name
few).
VEM and FEM are perfectly compatible, hence it is possible
(and advisable) to use Virtual Elements only in those parts of
the domain where they are needed.
In the framework of magnetostatic problems, the VEM was
developed both for the potential [7] and the Kikuchi [15, 16]
formulations, although only in the linear regime. The subject
of this article is to further develop the method for applicative
purposes, such as the computation of quantities of engineer-
ing interest (like, e.g., forces and torques acting on structures
placed in a magnetic field), and the generalization to the non-
linear framework considering the B-H curve of ferromagnetic
materials.
To this end, several case studies are considered: the analysis of a
C-core electromagnet used as an actuator, a four-pole permanent-
magnet motor at no-load condition, the three-dimensional anal-
ysis of a cylindrical electromagnet. In order to validate the pro-
posed approach, comparisons of both virtual and finite element
potential formulations are presented and discussed. Overall,
the flexibility of VEM in mesh generation for complex com-
putational domains is tested: it is shown that such flexibility
can be further exploited combining virtual and finite element
approaches. An original technique for handling the shape vari-
ation in a problem of optimal shape design is finally presented;
in this respect, the optimal shape design of a magnetic pole for
synthesizing a uniform field profile in a region of interest is
considered, which is a classical benchmark problem.

II. Potential formulation

Considering the classical potential formulation in two dimen-
sions, we search for the scalar field A, i.e., the potential as-
sociated with the magnetic induction field B = curlA such
that

curl (µ−1 curlA) = j in Ω , (1)

plus boundary conditions on ∂Ω. The two-dimensional curl
and the scalar curl are defined as

curlA := ∂xA2 − ∂yA1 and curlA := (∂yA,−∂xA) .

In Equation (1), the scalarµ represents thematerial permeability,
while j is the assigned current density which in two dimensions
is a scalar quantity. It turns out to be

curl (µ−1 curlA) = ∂x(−µ−1∂xA)− ∂y(µ−1∂yA)

= −div(µ−1∇A) ,

so Equation (1) becomes

−div(µ−1∇A) = j in Ω ,

subject to appropriate boundary conditions.

III. The Virtual Element for the Poisson problem

As we have seen, the Potential formulation for Magnetostatics
consists of a single Poisson equation with variable diffusion.
In this section we will describe the Virtual Element Method in
the simpler case of Poisson equation with constant diffusion.
The same construction can be easily extended to a piecewise
constant diffusion, while for the general case we refer to [8].
Solving Poisson equation with constant diffusion and homoge-
neous Dirichlet boundary condition amounts to find the solution
of the problem: {

−∆u = f in Ω

u = 0 on ∂Ω
(2)

which can be written in variational form as follows:
find u ∈ H1

0 (Ω) such that∫
Ω

∇u · ∇v dx =

∫
Ω

fv dx for all v ∈ H1
0 (Ω).

(3)

Classical conforming Finite Element methods require the fol-
lowing steps:

• discretize the domain Ω with non-overlapping trian-
gles {T};

• construct in each triangle through suitable basis functions
a local space V kh (T ) made of polynomials up to degree k;

• assemble the global space V kh (Ω) ⊆ H1
0 (Ω) by gluing

together in a continuous fashion the local spaces, respecting
global boundary conditions;



• solve the approximate variational problem
find uh ∈ V kh (Ω) such that∫

Ω

∇uh · ∇vh dx =

∫
Ω

fvh dx for all vh ∈ V kh (Ω).

(4)

If k is an integer and O ⊆ R2, we define Pk(O) as the space of
polynomials of degree up to k defined on O. In the following,
O will be a segment or a polygon.
We start with k = 1.

A. The Courant triangle

Given a triangle T , we define the local finite element space of
degree one on T by

V 1
h (T ) := P1(T ) , (5)

and if V1, V2 and V3 are the vertices of T , the local degrees of
freedom of a function vh ∈ V 1

h (T ) are defined by

dofi(vh) := vh(Vi). (6)

In other words, we are saying that a function vh ∈ V 1
h (T )

is completely determined by its values at the vertices of the
triangle.
The local basis functions ϕi ∈ V 1

h (T ) are defined in terms of
the local degrees of freedom by the following condition:

dofi(ϕj) = δij . (7)

The previous equation simply means that ϕi is the only linear
function that is one on vertex Vi and zero on the other vertices.
The set of functions {ϕ1, ϕ2, ϕ3} is a basis for the space V 1

h (T ).
We now characterize the space V 1

h (T ) in a different way that
will be crucial for the rest of the section. Given that there exists
a unique harmonic function with assigned value at the boundary,
the local space V 1

h (T ) can also be identified by the following
properties:

• for each edge e of T , vh|e is linear on e;

• the linear functions vh|e on the edges match at the vertices;

• vh is harmonic inside, i.e. ∆vh = 0 in T .

The properties above will allow us to extend the definition of
“linear triangular element” to a general polygon.

B. Extension to general polygons

The advantage of the previous characterization is that it can be
extended in a seamless way to a general polygon P (even non
convex). In this case we will obtain a space V 1

h (P ) that contains
linear polynomials, together with other functions.
Given a polygon P , we define the space V 1

h (P ) in the following
way:

• functions are linear on each edge and match at the vertices,
see Fig .1;

Fig. 1. Virtual functions are linear on each edge and match at the vertices

• they are harmonic inside, see Fig. 2.

Fig. 2. Virtual functions are harmonic inside

It is clear that if P is a triangle, we recover the Courant element.
The space V 1

h (P ) is known in literature as harmonic finite el-
ements on a polygon. The i-th local degree of freedom is still
defined as the value of the function at vertex i; in fact, a function
in V 1

h (P ) is completely determined by its values at the vertices.
Hence

dimension of V 1
h (P ) = # of vertices of P := NV .

The local basis function ϕi takes the value one at vertex i and is
zero at the other vertices, see Fig. 3.

Fig. 3. Local basis function

Of course, the value of ϕi at a point inside the polygon is not
readily available, since we only know that ϕi is harmonic.
The key property of the space V 1

h (P ) is that it contains linear
polynomials:

P1(P ) ⊆ V 1
h (P ). (8)

In fact, if p1 ∈ P1(P ) then

X p1 is linear on each edge;

X p1 is continuous on the boundary of the polygon;

X p1 is harmonic: ∆p1 ≡ 0.



The fact that linear polynomials are inside the space, ensures the
good approximation properties of classical FEM: if wewere able
to compute the stiffness matrices, the method would converge at
the expected rates.

C. The global space

The global finite element space is defined exactly as for classical
Finite Element: the local spaces on adjacent polygons sharing
an edge glue together continuously through the common edge,
producing globally continuous approximation functions.
We point out that the extra non linear functions of V 1

h (P ), which
exist if the polygon is not a triangle, ensure continuity when two
elements are joined together, giving a conformal method. If we
allow discontinuous functions across elements, we could define
the local space on each polygon simply as P1(P ). This choice
leads to the Discontinuous Galerkin Method (DG). The main
difference with respect to VEM is that DG is non-conformal.

D. The projection Π∇1

We cannot compute in a cheap way the value of a function
vh ∈ V 1

h (P ) inside P starting from the degrees of freedom.
In fact, we can easily recover the function on the boundary,
being linear on each edge; but computing the value inside the
polygon would require the solution of Laplace equation with
given boundary data. Hence it is not feasible to directly compute
the local stiffness matrices by quadrature.
We show that we can compute directly from the degrees of free-
dom a linear polynomial p1 that approximate vh in the following
integral sense:∫
P

∇(p1−vh)·∇q1 dx = 0 for all linear polynomial q1 . (9)

In other words, p1 is the projection of vh with respect to the
scalar product

∫
P
∇u · ∇v dx. We denote the projection p1 by

Π∇1 vh. In order to show that (9) can be solved by knowing only
the degrees of freedom of vh (i.e. the value of vh at the vertices
of the polygon), we argue in the following way.
If we express the unknown Π∇1 vh in the monomial basis of
linear polynomials, namely {1, x, y}, and we let q1 vary among
{1, x, y}, we obtain a 3×3 linear system. Letm1 := 1,m2 := x
andm3 := y; we write

Π∇1 vh =

3∑
α=1

cαmα cα = unknowns

and (9) becomes∫
P

∇

(
3∑

α=1

cαmα − vh

)
· ∇mβ dx = 0, β = 1, 2, 3

or equivalently

3∑
i=1

cα

[∫
P

∇mα · ∇mβ dx
]

=

∫
P

∇vh·∇mβ dx, β = 1, 2, 3.

(10)
The 3 × 3 matrix

∫
P
∇mα · ∇mβ dx is singular, since it has

the first row (and the first column) identically zero: in fact
∇m1 ≡ 0. This feature reflects the fact that (9) determines the
projectionΠ∇1 vh only up to a constant, or, in other words, that (9)
determines only the gradient of Π∇1 vh. In order to completely
recoverΠ∇1 vh we need to substitute the first equation in (10) with

a (computable) condition guaranteeing that when vh is constant,
Π∇1 vh = vh. This can be achieved by asking, for instance, that

NV∑
i=1

Π∇1 vh(Vi) =

NV∑
i=1

vh(Vi).

The final 3× 3 final linear system is then

3∑
α=1

cα

NV∑
i=1

mα(Vi) =

NV∑
i=1

vh(Vi) (first row)

3∑
α=1

cα

[∫
P

∇mα · ∇mβ dx
]

=

∫
P

∇vh · ∇mβ dx, β = 2, 3.

(11)
We need to show that the matrix and the right-hand-side of the
linear system (11) are directly computable out of the degrees of
freedom of vh, i.e. the values of vh at the vertices.

• The matrix of (11) clearly does not depend on vh, and
its coefficients are simple computable from the monomial
basis which is explicitly given;

• as far as the right-hand-side is concerned, in the first line
of (11) there are the values of vh at the vertices, while in
lines 2 and 3 there is the expression∫

P

∇vh · ∇mβ dx, β = 2, 3.

Integrating by parts, we have∫
P

∇vh · ∇mβ dx =

= −
∫
P

vh ∆mβ dx +

∫
∂P

vh
∂mβ

∂n
ds =

=

∫
∂P

vh
∂mβ

∂n
ds

since ∆mβ ≡ 0, mβ being a linear monomial. Recalling
that vh is linear on each edge, starting from the degrees
of freedom of vh, i.e. the values of vh at the vertices, we
can easily reconstruct vh on the boundary of P and hence

compute
∫
∂P

vh
∂mβ

∂n
ds.

An explicit formula for Π∇1 vh is given by

Π∇1 vh(z) = (z− V ) · 1

|P |

∫
P

∇vh dx + v̄h (12)

where V and v̄h are defined as

V :=
1

NV

NV∑
i=1

Vi, v̄h :=
1

NV

NV∑
i=1

vh(Vi),

see [2] for the details. Note that

∇[Π∇1 vh] =
1

|P |

∫
P

∇vh dx,

and that the latter term can be directly computed from the degrees
of freedom of vh by observing that

∫
P
∇vh dx =

∫
∂P

vhn ds.

E. The local stiffness matrix for the Poisson equation

Given that the degrees of freedom of the basis functions ϕi are
known by definition (they are all zeros except the i-th which is



1), we can easily compute Π∇1 ϕi and it seems to be a good idea
to make the following approximation of the “true” local stiffness
matrix for the Poisson equation:∫

P

∇ϕj · ∇ϕi dx ≈
∫
P

∇Π∇1 ϕj · ∇Π∇1 ϕi dx. (13)

However, this is not appropriate because the NV × NV ma-
trix

∫
P
∇Π∇1 ϕj · ∇Π∇1 ϕi dx is rank-deficient, giving rise to

a singular global matrix. The right rank for the local matrix∫
P
∇Π∇1 ϕj · ∇Π∇1 ϕi dx would be NV − 1, because the con-

stant functions are clearly in the kernel but they are ruled out by
the global boundary conditions, giving at the end an invertible
matrix.
Instead, it can be easily shown that the rank is 2 which is strictly
less than NV − 1 unless P is a triangle. For, we observe that
the kernel of the projection operator Π∇1 : V 1

h (P )→ P1(P ) has
dimension NV − 3 (since dimP1(P ) = 3), and the gradient
annihilates the constant functions. In the global space the con-
stant functions are ruled out by the boundary condition, but the
global stiffness matrix remains singular, unless all polygons are
triangles.

F. Consistency

Using (13) amounts to replacing (4) with
find uh ∈ V 1

h (Ω) such that∫
Ω

∇Π∇1 uh · ∇Π∇1 vh dx =

∫
Ω

fvh dx for all vh ∈ V 1
h (Ω)

(14)
where∫

Ω

∇Π∇1 uh · ∇Π∇1 vh dx =
∑
T

∫
T

∇Π∇1 uh ·Π∇1 ∇vh dx.

In this paper we do not discuss how to approximate the load
term; we refer to [2] for the details.
As explained before, problem (14) is singular. However, if it had
a unique solution uh, then the method would be consistent, i.e.
if the exact solution u were a global linear polynomial p1, then
uh = p1. In fact, by (3), u = p1 would solve∫

Ω

∇p1 · ∇vh dx =

∫
Ω

fvh dx for all vh ∈ V 1
h (Ω).

By the definition of the projector Π∇1 , we have∫
Ω

∇p1 · ∇vh dx =

∫
Ω

∇p1 · ∇Π∇1 vh dx (15)

and since Π∇1 p1 = p1, we also have∫
Ω

∇p1 · ∇Π∇1 vh dx =

∫
Ω

∇Π∇1 p1 · ∇Π∇1 vh dx .

Hence p1 satisfies the equation∫
Ω

∇Π∇1 p1 · ∇Π∇1 vh dx =

∫
Ω

fvh dx for all vh ∈ V 1
h (Ω),

i.e. uh ≡ p1.
Property (15) is crucial: it ensures consistency. However, alone
it is not enough: we need to add stability.

G. Stabilization

We need to supplement (14) with a stabilization term that

• guarantees existence and uniqueness;

• does not spoil consistency (equation (15));

• it is defined element by element.

It turns out that we can add to (14) a term of the form

S
(
(I−Π∇1 )uh, (I−Π∇1 )vh

)
=

=
∑
T

ST
(
(I−Π∇1 )uh, (I−Π∇1 )vh

)
(16)

where ST (·, ·) is a symmetric coercive bilinear form that scales
in the right way. Nota that if one of the entries is a linear
polynomial p1, since (I − Π∇1 )p1 ≡ 0 the term (16) is zero so
consistency is preserved.
It can be shown that under certain assumption on the mesh, we
have convergence at the expected rates. There is much freedom
in the choice of the local stability bilinear form ST (·, ·). One
possibility is the so-called D-recipe, i.e. to define ST (·, ·) by

ST (ϕi, ϕj) =

max

{
1,

∫
P

|∇Π∇1 ϕi|2 dx
}

if i = j

0 if i 6= j.

H. The case k = 2

We briefly consider the case k = 2. As for finite element on
triangles, we need to add themiddle point of each edge in order to
have polynomial of degree 2 on each edge. Since the Laplacian
of a degree 2 polynomial is constant, we substitute the condition
∆vh ≡ 0 with ∆vh = constant. The degrees of freedom of a
function vh ∈ V 2

h (P ) are:

• boundary degrees of freedom: as before, the pointwise
values at the vertices and at the middle point of the egdes;

• internal degrees of freedom: the mean value on P , i.e.,
1

|P |

∫
P

vh dx.

Hence we have dimV 2
h (P ) = 2NV + 1. Note that in this case

if P is a triangle we do not recover the classical finite elements
of order two but a larger space.
It is immediate to verify that P2(P ) ⊆ V 2

h (P ).
We need to check that we can compute theΠ∇2 projection starting
from the degrees of freedom. Considering the construction
above for the case k = 1, it turns out that we only need to be
able to compute the right hand side of the linear system, i.e.∫

P

∇vh · ∇mβ dx, β = 1, 2, . . . , 6

wheremβ is a monomial in two variables up to degree 2 (m1 :=
1, m2 := x, m3 := y, m4 := x2, m5 := xy, m6 := y2).
Integrating by parts, we have as before∫

P

∇vh · ∇mβ dx = −
∫
P

vh ∆mβ dx +

∫
∂P

vh
∂mβ

∂n
ds.

(17)
This time ∆mβ is zero for β = 1, 2, 3 but is constant for β =
4, 5, 6. Hence the integral of vh can be readily computed starting
from the internal degree of freedom. The rest of the construction
works in the same way. Of course, formula (12) is no longer
valid for k = 2.



I. The general case

In the general case, the functions in vh ∈ V kh (P ) are polynomials
of degree k on each edge of P , they match at the vertices and
∆vh is a polynomial of degree k − 2. These conditions ensure
that Pk(P ) ⊆ V kh (P ). The boundary degrees of freedom are the
pointwise values at the vertices and at k − 1 internal nodes on
each edge (which can be taken equispaced as in classical FEM),
and the internal degrees of freedom are the moments up to order
k − 2 in P , i.e.

1

|P |

∫
P

vhm dx, m monomial up to degree k − 2. (18)

If we consider equation (17) in this case, we observe that ∆mβ

is a polynomial of degree up to k−2, so the term
∫
P
vh∆mβ dx

can be easily computed from the internal degrees of freedom of
vh. In [2] you can find all the details.

IV. Kikuchi’s formulation

Let us recall the formulation introduced in [19]: find the pair
(H, p) solution of
∫

Ω

curlH curlv dx +

∫
Ω

∇p · µv dx =

∫
Ω

j curlv dx ∀v∫
Ω

∇q · µH dx = 0 ∀q
(19)

where H is the magnetic field, and p (which turns out to be
identically zero) plays the role of a Lagrange multiplier to en-
force weakly the condition divB = 0 (see the second equation).
With the lowest order Virtual Element approximation for (19),
the scalar variable p is approximated by a function linear on each
edge, and harmonic in each element. The vector variable H is
approximated by a vector Hh with tangential component con-
stant on each edge e of Ωh, constant curl and zero divergence:

• ph|e ∈ P1(e) ∀e of Ωh, ∆ph = 0 in P ∀P ∈ Ωh

•Hh · t|e ∈ P0(e) ∀e of Ωh

• divHh = 0, curlHh ∈ P0(E) ∀P ∈ Ωh

The degrees of freedom for ph are the values at the vertices,
whileHh is individuated by the constant value of the tangential
component on each edge. We point out that on a triangle the
VEM space for ph coincides with the linear Lagrange Finite
Element space, while the space forHh coincideswith the lowest-
order edge element space (see [20]). In the general case of order
k ≥ 2 the definition of the spaces is

• ph|e ∈ Pk(e) ∀e of Ωh, ∆ph ∈ Pk−2(E) ∀E ∈ Ωh

•Hh · t|e ∈ Pk−1(e) ∀e of Ωh

• divHh ∈ Pk−2(E), curlHh ∈ Pk−1(E) ∀E ∈ Ωh.

For the choice of the degrees of freedom we refer to [15].

V. VEM vs FEM: a comparison

On triangles for k = 1 the VEM formulation for the potential
coincides with the standard piecewise linear FEM, and the VEM
Kikuchi formulation coincides with the lowest-order edge ele-
ments (see [20]). This is not the case for k ≥ 2, and both VEM
approaches exhibit more internal degrees of freedom than their
FEM counterpart. However, through the so-called Serendipity
procedure, these additional degrees of freedom can be elimi-
nated, so that on triangles we recover exactly both standard and
edge FEM ([5]-[6]).

In any case, the VEM of order k always yields an optimal con-
vergence rate for both formulations. The VEM flexibility allows
for more efficient refinements in the presence of solution singu-
larities and thus may lead to a better “problem size to accuracy”
ratio. On the other hand, since VEM are defined on the physical
element and do not make use of a reference element, the calcu-
lation of the local matrices may be more costly than with FEM,
although such a procedure can be naturally executed in parallel,
thus reducing significantly its costs. Another important obser-
vation is that, as it happens with FEM, the VEM basis functions
are local, and therefore the ensuing matrix in the linear(ized)
system enjoys the same sparse structure. Moreover, since the
VEM functions are polynomials of degree k on the edges and,
consequently, their degrees of freedom coincide with the ones
of FEM, one can use a standard FEM method combined with
VEM in the same mesh.

VI. Numerical case studies

In this section we provide some numerical tests to prove the
validity of the proposed method. Since the theoretical trend
of the error was already proved in [15] and in [16, 14] for the
two and three dimensional case, we will focus on the reliability
of the method from the applicative point of view. Indeed, we
consider a series of numerical experiments and we compare the
results obtained via VEM and standard FEM. To achieve this
goal we consider the results provided by MagNet code as a
reference solutions [13]. Moreover, in the last example, where
we analyze the three dimensional case, we exploitFLUX2D code
as a reference solution [1].
In all the following examples we consider both the Kikuchi and
the potential formulations andwe refer to such strategies asVEM
Kik and VEM pot, respectively.

A. C-core actuator

In this section we present the numerical simulation of a C-core
electromagnet via VEM. The electromagnet is composed of a
fixed C-shaped core and amovable plunger. ADC current of 1 A
supplies the winding around the core limb which in turn excites
the magnetic field lines. The overall size of the electromagnet is
80 mm×60 mm, while the cross-sectional area of the winding,
which incorporates 1000 turns, is equal to 400 mm2.
We are interested in computing the following quantities

1. Bx: the x-component of the fieldB in the mid-point of the
air gap;

2. Fx: the x-component of the force F acting on the plunger,
via Maxwell’s stress tensor method,

for different position of the plunger with respect to the C-core.
Since we are considering small air-gap widths, a non-linear
approximation of the magnetic permeability is required. In the
following experiments we define the material of both C-core and
plunger as a standard laminated iron with 5 mm thickness [12].
This example presents two interesting aspects that will challenge
the proposed method. First of all the electromagnet exhibits a
very thin dielectric region (air-gap) located between two large
ferromagnetic regions (core and plunger). Such double jump
of permeability makes the discontinuity of magnetic field H
concentrated in a very small region and this featurewill challenge
the accuracy of any method of field simulation.
Then, we numerically validate the usage of projection operators
in a post processing procedure. Indeed, since we are interested



in the computation of the force-displacement curve based on the
Maxwell’s stress, we need to access on both field components,
but we do not have such information: the fieldH is virtual so we
know it only via its degrees of freedom and we can approximate
it via the projection operator.
In view of the simulation, we can a priori identify regions which
are particularly interesting from the physical point of view and
the remaining regions. Consequently we can generate a mesh
refined in the “hot” regions and coarse in the other ones exploit-
ing as much as possible the possibility to add hanging-nodes.
On the one hand we have to refine at the corners of the C-shaped
core where there are singularities of the magnetic permeability
and the boundary of the plunger, where there are singularities of
the magnetic field and at the air-gap between the C-core and the
plunger. On the other hand we can coarse the mesh inside the
two current-carrying regions forming the winding and also in the
region far away from the C-core electromagnet that represents
the truncated air domain.
Moving from such considerations, we build the mesh shown in
Fig. 4. We observe that such mesh satisfies all the requirements
we made. Indeed, it is refined according to the a-priori informa-
tion we give about the physics of the problem at hand, see the
details in Fig. 4 (c) and (d), and it has few elements where it is
not necessary, see Fig. 4 (a) and (b). In Fig. 4 (b) we further
underline that we have succeeded in having only one big ele-
ment exhibiting hanging nodes, i.e., the squares simulating the
winding cross section are not split, but their boundary is split in
a non-uniform way.
We consider a fixed air-gap of 5mm, we use the sameVEMmesh
for both Kikuchi and potential formulation, while we consider a
uniform mesh composed of triangles to get a FEM solution via
MagNet.
In Table I we show the values of Bx and Fx for each method
and approximation degree. If we fix the method and we vary
the approximation degree, we observe that such values becomes
stable. Indeed, the first two digits of Bx and Fx stay the same.

VEM Kik VEM Pot FEM
degree Bx [T] Bx [T] Bx [T]

1 0.1225 0.1228 0.1228
2 0.1250 0.1250 0.1227
3 0.1250 0.1250 0.1227

VEM Kik VEM Pot FEM
degree Fx [N] Fx [N] Fx [N]

1 -5.7325 -5.9803 -5.9898
2 -6.0334 -6.2475 -6.1091
3 -6.0976 -6.2717 -6.1254

Table I. C-core example: Bx [T] and Fx [N] computed by FEM
and VEM.

On the other hand if we fix the approximation degree and we
vary the method, we see that the computed values have the same
order and they are close to each other. This fact is a numerical
evidence that the solutions provided by VEM are compatible
with the one obtained by FEM. However, since the FEM solution
is computed on a different mesh, we can not obtain exactly the
same values. In particular, MagNet makes some post processing
on the computed solution to get smooth values of both Bx and
Fx and, consequently, its solution converges to different values
with respect to the VEM ones.
Table II reports the number of degrees of freedom required to
get VEM and FEM solutions.
We observe that the amount of degrees of freedom for the two

(a)

(b)

(c)

(d)

Fig. 4. C-core example: the resulting mesh for the C-core example: (a) the
whole mesh with large element around the electromagnet; (b) winding cross-
section: one element characterized by several hanging-nodes; (c) refined region
at the air-gap; (d) refined region around a corner of the C-core.

degree VEM Kik VEM Pot FEM
1 66 607 53% 24 494 19% 124 080
2 132 217 26% 48 488 9% 495 097
3 215 449 19% 78 356 7% 1 113 053

Table II. C-core example: comparison between FEM and VEM dofs.

VEM approximations is in accordance with the estimates given
in the previous section. However, despite the high number of
degrees of freedom in the Kikuchi formulation, the flexibility in
mesh generation allows us to get the result in Table I with fewer
degrees of freedom than with FEM. We highlight such fact by
reporting in Table II the percentage of dofs used with respect to
the FEM ones.



Thanks to the previous experiments we validate the resolution
provided by VEM. Now we proceed with the evaluation of Bx
e Fx varying the air-gap width considering only the proposed
VEM methods. Such data are collected in Table III.

d [mm] 0.25 0.50 1.00 2.00

Bx [T]
VEM Kik 2.0428 1.1176 0.5870 0.3015
VEM Pot 2.0449 1.1185 0.5875 0.3017

Fx [N]
VEM Kik -1360.5 -413.00 -117.09 -32.498
VEM Pot -1365.5 -416.32 -119.26 -33.433

Table III. C-core example: values of Bx and Fx by varying air-gap
widths.

Both formulations give similar results by varying the air-gap
widths. IndeedBx and Fx approximately scale as d−1 and d−2,
respectively.
In Fig. 5 we show both the vector field B at mesh vertices and
the value of µr at the quadrature points. To compute the vector
field B at a vertex ν, we make the mean of the vectors fields
defined on the elements sharing the vertex ν. Such data are
computed via VEM potential formulation (Kik VEM is similar
so we do not show it). The behaviour of magnetic field and
the magnetic permeability are the expected ones. Indeed, the
vectors are properly aligned and the strength of B increases for
small air-gap widths. Moreover, both the C-core and the plunger
have a uniform µr for large air-gap widths, d = 1.00 mm and
d = 2.00 mm, while the material starts to saturate when d is
small.

B. Interior permanent magnet motor

An Interior-Permanent-Magnet (IPM) motor characterized by
four poles and 12 stator slots is considered as a further case
study, see Fig. 6. The external and the rotor diameters are
68. mm and 30. mm, respectively, while the air-gap width is
0.5 mm. The permanent magnet exhibits a radial magnetization
with remanent field equal toB0 = 1. T and coercive field equal
to Hc = 7.957 105 Am−1.
The µr-H curve featuring the laminated magnetic core of rotor
and stator is shown in Fig. 7: the saturation effect is likely to
appear inside the small magnetic bridges located in the rotor
region between adjacent magnets [12].
In this example we will validate the usage of the projection op-
erators to compute the cogging torque, i.e., the torque acting on
the rotor when the three-phase current in the rotor slots is zero
(no-load operation). Such quantity is crucial to design a perma-
nent magnet motor since it takes into account the tendency of
the permanent magnet axis to align with the direction that cor-
responds to the minimum energy stored in the motor. Although
its value is substantially lower than the running torque due to the
on-load current, cogging torque could be responsible of annoy-
ing vibrations occurring during the normal on-load operation of
a small motor like the one here considered.
The cogging torque has to be computed considering different
angular positions of the rotor. To generate all these meshes, we
can exploit the flexibility of VEM in gluing meshes. Indeed, one
possible strategy is to generate stator and rotor mesh separately
and then glue them together with the desired angle, see Fig. 8.
As shown in Fig. 8 (a), we generate the mesh of each piece of
the permanent magnet motor separately and then we glue them
together.
To model the permanent magnet we proceed in two different
ways according to the VEM scheme used. For the potential for-
mulation we exploit the standard current sheet model, while for

|B|

d = 0.25 mm

d = 0.50 mm

d = 1.00 mm

d = 2.00 mm
µr

Fig. 5. C-core example: the vector field B, on top of each figure, and the
magnetic permeability µr at the quadrature points, on bottom of each figure.



: air : iron
: non-magnet steel : 3-phase winding

Fig. 6. Permanent magnet motor: the geometry of the 4-pole motor taken into
account.
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Fig. 7. Permanent magnet motor: µr −H curve used.

Kikuchi we follow the idea proposed in [17]. More specifically
we modify the second equation of the variational formulation
to take into account the presence of a permanent magnet, i.e.,
starting from the decomposition of the induction field B

B = µH + B0 ,

where B0 is the remanent field, we substitute∫
Ω

∇q · µH dΩ = 0 ,

with ∫
Ω

∇q · µH dΩ = −
∫

Ω

∇q ·B0 dΩ ,

where we recall that q is a Lagrange multiplier variable. We
refer the reader to [17] for more details about such model.
Now we proceed with the computation of the cogging torque.
The accurate fieldmodels provided by the projection operators of
both Kikuchi and potential formulations allow us to compute the
torque. In Fig. 9 we show the induction map for a specific angle,
21◦, when the motor current is zero, obtained with the Kikuchi
formulation; similar map holds for the Potential formulation.
To compute such quantity, we use the Maxwell stress tensor ap-
proach considering a cylindrical surface co-axially located with
respect to the rotation axis as the integration surface accordingly.
In Fig. 10 we show the torque-angle curve for step equal to 1◦.

(a)

(b)

Fig. 8. Permanent magnet motor: (a) stator and rotor mesh, (b) mesh glued with
a detail of the hanging-nodes generated by the gluing procedure.

|B| [T]

Fig. 9. Permanent magnet motor: magnetic induction map with an angle of 21◦.

As expected, the torque period is equal to 30◦, indeed

360◦/LCM(4, 12) = 30◦ ,

where LCM is the least common multiple operator and 4 and
12 are the number of permanent magnets and slots, respectively.
Moreover, it exhibits zero mean value over the period. Once
again there is a good agreement between Kikuchi and potential
virtual element formulations.
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Fig. 10. Permanent magnet motor: values of torque for different position of the
rotor.

C. Optimal shape design of an electromagnet

In this section we propose an innovative technique for handling
the shape variation of a magnet. More specifically we focus
on the optimal desing of a magnet for applications in clinical
hypethermia.
Actually, magnetic fluids have a good potential for clinical hy-
perthermia due to their capability of concentrating power. In
fact, the heat generated by magnetic nanoparticles suspended in
a fluid depends at least on the squared value of an applied time-
harmonic field; so, nanoparticles excited by an AC field can be
exploited to treat tumoral tissues [1-4]. Actually, experiments
with Magnetic Fluid Hyperthermia (MFH) have shown that hu-
man tumour cells are homogeneously inactivated after AC mag-
netic field excitation of magnetic fluids injected in the tumour
region [5]. Since the power density generated by nanoparticles
is a function of the applied magnetic field [4-6], field uniformity
and field strength are a twofold prerequisite for homogeneously
heating the tumour tissue at a therapeutic temperature, without
damaging the neighbouring healthy tissues.
A typical device for clinical MFH is characterized by a magnetic
core made of ferrite and it exhibits three limbs. Two series-
connected current-carrying coils are wound on the central limb
which has a wide air-gap, where the patient is accommodated
during the treatment.
A quarter of the model geometry here considered is shown in
Fig. 11: a ferrite core fills in region F , while an air-gap 30 cm
high and 20 cm long incorporates the region of interest ΓI , i.e.,
a path along which the degree of uniformity of flux density is
controlled. The non-linear B-H curve of the ferrite considered
in the model exhibits an initial value of relative permeability
equal to 1800, and a saturation flux density of 490 mT. The
complementary domain includes the winding cross-section J ,
which is composed of 16 turns and carries a sinusoidal current
of 150 Arms at 100 kHz, and an air region, A.
The design challenge is to shape the magnetic pole in such a
way that the prescribed field takes place in the region of inter-
est, see Fig. 11. Such problem is usually reformulated as an
inverse problem solved by means of a numerical optimisation
technique. Indeed, a suitable functional is defined to measure
the discrepancy between actual and the prescribed flux density
in the region of interest, ΓI . In this case the unknown is the pole
shape, ΓP , which minimises such functional.
In this preliminary study we do not solve explicitly an optimiza-
tion problem, but we show how to exploit the flexibility in mesh
generation of VEM to tackle such procedure. In Fig. 12 we
show the mesh of the computational domain. To generate such
mesh we exploit the possibility of gluing meshes. We create

: air, A : iron, F : current, J

Fig. 11. Optimal shape design: domain to consider. We highlight in red the
shape-varying line, ΓP , and with a dotted line the path where we compute the
y-component of the B field, ΓI .

Fig. 12. Optimal shape design: mesh of the computational domain.

four pieces for each region: two triangular meshes for the air
and the magnet, and three structured quadrilateral meshes for
the current, the region of interest and the optimising region, see
Fig. 11.
The key idea of the VEM optimisation procedure is to start
from a uniform mesh composed, e.g. of quadrilateral elements
regularly spaced, see Fig. 13 left, and then introduce suitable cuts
by segments whose end-points are located at the vertexes or on
edges of the background mesh, see Fig. 13 right. Consequently
the original quadrilateral element is cut in a pair of polygons
that are naturally handled by VEM and there is no need of
sub-triangulate or re-build the mesh. Such piece-wise segment
represents the air-ferrite boundary that is the magnet pole we
would like to modify in order to obtain the prescribed field at
the region of interest.
In Fig. 15 we show the y-component along the reference line ΓI
highlighted in Fig. 11 for both designs shown in Fig. 13 and in
Fig. 14: we show the vectorB field map for both configurations.
Also in this case we exploit the projection operator to compute
the magnetic field. As it was expected from the study in [22],
the design (b) of Fig. 13 is more uniform with respect to the one
provided by the design (a).
From the results in Fig. 15 and themesh represented in Fig. 13we



(a) (b)

Fig. 13. Optimal shape design: on the left the initial profile of the magnet, on
the right a new configuration.

infer that an optimisation procedure is possible with VEM and
that the presence of arbitrary shaped polygons do not corrupt the
whole numerical simulation. However, the proposed strategy is
really flexible and overcomes the common issue of a FEM shape
optimisation problem.
Indeed, in standard FEM based approaches, all the problem of
handling a deformed triangular meshes arises [21]. Since the
elements may become too large it has to be split to have the same
discrete approximation of the field. The triangles can be split
in three new triangles [18] without any update of neighbouring
elements or, alternatively, in four new triangles using the edge
midpoints as newnodes and updating the neighbouring triangles.
In both cases too stretched triangles can be generated so the
whole simulationmy suffer for the presence of such badly-shaped
elements. However, in the new approach here proposed the
background mesh determines the detail of the B field and the
added segments do not generate elementswith larger diameter by
construction. Moreover such fine structuredmesh is independent
on all the other regions. Indeed one can make a structured very
fine mesh and glue with the mesh of the whole domain without
caring about grading element size. Finally, about the FEM
issue related to badly shaped elements, it is already provided
in many papers that VEM is more robust with respect element
distortion so the presence of stretched and deformed elements
do not corrupt the whole simulation, see Fig. 13.
A second FEM approach is proposed in [22]. Here the authors
presents two strategies for updating the profile of the pole shape
were implemented. In the fixed-grid strategy the region to syn-
thesize is subdivided into several square sub-regions, whose ma-
terial property can be attributed to either air or ferrite. This way,
the unknown profile is approximated by means of a staircase-
shaped line, and a structured mesh discretizes the synthesis re-
gion: the material permeability (either ferrite or air) is updated,
and the field analysis is repeated. This way, the FEmesh does not
change, while the distribution ofmagnetic permeability changes,
i.e., in this approach we have a fixed topology but variable ma-
terial. Alternatively, in the variable-grid strategy, the unknown
profile is approximated by means of a polygonal line defined by
a number of moving nodes, and the FE mesh is accordingly re-
generated. The advantage of the proposed VEM approach with
respect to the variable-grid strategy is that we do not need to
regenerate the whole mesh: we have only to update the posi-
tion of the piece-wise segment inside a specific region. This
procedure is localized and it is much easier than a mesh genera-
tion procedure. Moreover, it produces a piece-wise segment by
construction and we do not have a ladder-like profile as it may
happen in the fixed-grid strategy.

D. A 3D analysis of a cylindrical electromagnet

Now we move to the three dimensional setting. In the previous
subsection we do not show how to modify the virtual element

|B| [T]

(a)

(b)

Fig. 14. Optimal shape design: field B arrow maps for the designs (a) and (b).
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Fig. 15. Optimal shape design: y-component of the B field along the path ΓI
for the designs (a) and (b).



spaces in 3D, we refer the reader to [3] and to [9, 14] for the
potential and Kikuchi formulations, respectively.
We consider a typical benchmark proposed in [10, 11]. The
geometry consists of a ferromagnetic cylindrical core, C, sur-
rounded by a toroidal coil with a rectangular cross section, T ,
with air, A, around these two structures. In Fig. 16 we show
a meridian cross section of the domain where we specify the
dimensions of the cylindrical core, the toroidal coil and the
bounding box of the domain.

: air, A : iron, C : current, T

Fig. 16. Cylindrical electromagnet: meridian cross section of the computational
domain taken into account.

The aim of this problem is to find the magnetic flux of this
configuration when a constant current is carried by the toroidal
coil. We have a constant current of 1 A along the toroidal
coil. Then, we set the following values of the relative magnetic
permeability: µT = 1.0 for the coil, µC = 1.0 104 in the the
ferromagnetic cored and µA = 1.0 for the air around.
To solve such problem we use only the Kikuchi VEM formu-
lation. Then, to build the computational domain we extrude a
two-dimensional mesh constrained to the circles which defines
the cylindrical core and the toroidal coil. The resulting mesh is
shown in Fig. 17.
In Fig. 18 we compare the solution provided in [10], the pictures
on the right, and the one obtained by the proposed method, the
ones on the left. More specifically, in Fig. 18, we show the
modulus of the magnetic flux density. This is only a qualitative
comparison between the field provided by VEM and the one
in [10], but it is clear that the proposed method is aligned with
the FEM result obtained in the reference book.
Finally, to have a more quantitative validation of this example,
we compute the magnetic energy

W :=

∫
D
B ·H dx =

∫
D
µ|H|2 dx ,

for each sub-domain C, T and A, exploiting the assumption of
linear material. We consider a sequence of three nested meshes
of the domain at hand to verify the convergence rate of such
energies. We refer to these meshes as mesh1, mesh2 and mesh3,
the first mesh being the one associated with the larger mesh-size.
Moreover, since we can not have a direct access to the field H,
we exploit once again the projector operator to compute such
integral.
Since we do not have the exact solution of this problem, we
proceed as [11], i.e. we consider as exact values of the magnetic
energies the values obtained by the FLUX2D code on a very

Fig. 17. Cylindrical electromagnet: on top the two-dimensional mesh which we
extrude to make the three-dimensional one. On the bottom a clip of the 3Dmesh
where we highlight the cylindrical core and the toroidal coil.

FEM VEM B[T]

Fig. 18. Cylindrical electromagnet: on the left we show a picture from [10] rep-
resenting the modulus of the magnetic flux density in a section of the cylindrical
coil. On the right we show the same data obtained with the proposed approach.

fine mesh. The numerical solution of FLUX2D follows a scalar
potential formulation and it exploits the symmetry of the domain
via a two-dimensional cylindrical coordinate system.
The data are collected in Table IV. The method behaves as
expected and the values ofW on each sub-domain converge to
the ones provided by FLUX2D .

VII. Conclusions

The paper summarizes the theoretical aspects behind the Virtual
Element Method and presents several results after its applica-
tion in linear and non-linear magnetostatics; both potential and



W [J] A C T
FLUX2D 9.09e-07 4.73e-10 3.61e-08

mesh1 9.70e-07 7.54e-10 3.29e-08
VEM mesh2 9.22e-07 5.53e-10 3.81e-08

mesh3 9.11e-07 4.98e-10 3.75e-08

Table IV. Cylindrical electromagnet: comparison between the
values ofW computed via FLUX2D and the proposed VEM method.

Kikuchi mixed formulation are considered. In particular, the
results from the VEM and FEM approximation of the potential
formulation are compared. Moreover, the fields B and H are
approximated by suitable projection operators which are also
exploited to compute some derived quantities like forces and
torques via the Maxwell’s stress tensor.
Notably, the flexibility of VEM in mesh generation for complex
computational domains is tested: it is shown that such flexibility
can be further exploited combining virtual and finite element
approaches. Indeed, one can use local spaces over elements
characterized by hanging nodes and polygonal geometries com-
bined with standard finite elements over triangles and squares.
Eventually, an original technique for handling the shape vari-
ation in a problem of optimal shape design is presented. The
promising results in both mesh generation and field analysis
encourage further investigations on magnetic field synthesis.
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