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Time-domain homogenisation of laminated ferromagnetic cores in
finite-element models

Abstract — The laminated ferromagnetic cores of electromagnetic
devices are subjected to time-varying alternating fields that gen-
erate eddy currents and considerable losses with possible signifi-
cant impact on their performance. These losses must therefore be
correctly accounted for in early design stages or even in the con-
trol system, particularly with the actual trend towards increasing
switching frequency of the driving power electronics. Versatile field
models, such as finite elements, provide the desired degree of ac-
curacy but quickly become prohibitive in terms of computational
resources, notably in three-dimensional real-life converters. Nu-
merous homogenisation techniques have been developed to achieve
the best compromise between computational cost and accuracy.
This technical article begins with an overview of the most com-
monly used homogenisation approaches for lamination stacks. We
further provide the specific technical details of our time-domain
homogenisation approach, based on a one-dimensional model of a
single lamination, and its integration within a finite element for-
mulation. As validation test cases, we consider: 1) a stacked ring
core with in-plane currents and hysteretic behaviour; and 2) a two-
dimensional finite-element model of a switched reluctance motor
considering the eddy-current effects.

I. Introduction

Ferromagnetic cores of electrotechnical devices (inductors,
transformers, rotating electrical machines, etc.) are typically
laminated to limit the eddy-current losses due to time-varying
alternating fields. Nonetheless, these losses, and the iron losses
as a whole, may still jeopardise the device behaviour, besides
the obvious effect on heating, efficiency and performance [1].
Moreover, the trend towards higher and higher frequencies in
the power electronics that feed the devices makes the accurate
consideration of dynamic effects in the steel sheets an absolute
prerequisite in early design stages. The highly versatile standard
finite elements (FE) guarantee, in theory, the desired accuracy.
However, for real-life applications with complicated fully three-
dimensional (3D) geometries, the brute-force approach implies
invariably the fine discretisation of each separate lamination
with mesh elements that must resolve the skin depth. This strict
requirement gives rise to a huge system of equations that goes
still to date far beyond practical computational capabilities.
The pragmatic and widespread a posteriori eddy-current (and
iron) loss estimation, i.e. applying phenomenological material
models [2, 3] to post-process 2D/3D FE static solutions with
stacked iron cores assumed non-conducting and homogeneous
blocks, may not be sufficient in the ever-increasing frequency
context. Dedicated homogenisation techniques become thus an
indispensable and viable alternative.

Many homogenisation-based approaches have been proposed for
efficiently dealing with lamination stacks in FE models in the
frequency and/or time domain, considering saturation (possi-
bly hysteresis) or not, including perpendicularly incident flux
or not. Without being exhaustive, we may refer to: anisotropic
surrogate material laws [4, 5, 6, 7], embedded lower dimen-
sional models [8, 9] which can be localised and generated
on the fly [10], semi-analytical models or single-step algo-
rithms [11, 12, 13], computational multiscale methods or two-

step algorithms [14, 15, 16], and very recently, non-asymptotic
homogenisation [17]. Multi-harmonic variants can be found
as well [18, 19]. Some research groups have also experi-
mented with reduced order model techniques, either circuit-
based [20, 21, 22] or using snapshots [23].

Perfect insulation between the laminations is mostly assumed,
i.e. the induced current density cancels in any lamination cross-
section, the net current is zero. In practice net circulating cur-
rents may appear due to inter-lamination coating damage (edge
burrs, welding process, conducting joints, etc.) [24, 25]. In the
literature, we find different attempts to incorporate these short
circuits in the homogenisation approaches. Obviously, these
mostly local defects do not comply with the underlying spatial
periodicity hypothesis. The short-circuited laminations are han-
dled by means of hybrid models [26, 27, 28], a combination
of subproblems [29], or with ad hoc single sheet models with
net currents [30, 31]. The latter models work very well with
localised short circuits [32].
Homogenisation methods accounting for hysteresis are mainly
limited to time-harmonic analysis either a complex reluctiv-
ity [33], or a iterative scheme between the solutions of a 1D
lamination problem and a 2D/3D problem [8]. In [34], a prag-
matic two-step homogenisation approach is proposed. Inspired
from the computational multiscale methods [15, 35], that are
more accurate but also very computationally demanding, it gen-
erates an averaged constitutive relationship by solving a 1D lam-
ination problem and incorporates it in the macro-model of the
device at hand.
Our time-domain homogenisation methodology [36] can be
clasified, regarding accuracy and computational complexity, in-
between the multiscale computational approaches and the so-
called pragmatic homogenisation referred to hereupon. Start-
ing from the 1D eddy-current model of a lamination, dedicated
skin-effect basis functions serve to interpolate the magnetic flux
density, and the magnetic constitutive law is weakly imposed.
The resulting system of equations is subsequently integrated
into/coupled to the FE model of the considered application. It
is applicable to saturable magntic cores and was validated on
a real 3D test case (laminated ring core and toroidal coil, ex-
ploiting axisymmetry). Preliminary results with a hysteretic law
were presented in [37]. The theoretical developments, detailed
in the following sections, hold for any other available hysteresis
models, see. e.g. [38]. As validation, we consider the follow-
ing applications: 1) a toroidal stacked ring core of non-oriented
steel sheets, including hysteresis; and 2) a 2D FE model of a
switched reluctance motor considering the eddy-current effects
and movement.

II. 1D model of a lamination

Our homogenisation approach is based on the 1D model of a
ferromagnetic lamination; this frequency/time-domain model is
hereafter embedded in a finite element implementation. Let us
thus consider a lamination of thickness d (−d/2 ≤ z ≤ d/2),
made of a homogeneous isotropicmaterialwith constant conduc-



tivity σ (resistivity ρ = σ−1). We assume themagnetic flux den-
sity (or induction) b(z, t) and magnetic field h(z, t) = ν b(z, t)
along the x-axis; the electric current density j(z, t) and electric
field e(z, t) = ρ j(z, t) along the y-axis. We adopt a linear
electric constitutive law, j = σe. The magnetic constitutive law
h = H(b) can be nonlinear irreversible (hysteretic), nonlinear
reversible or linear (h = νb, with constant reluctivity ν = µ−1,
permeability µ). The 1D eddy-current problem is governed by
Ampere’s and Faraday’s 1D equations:

∂zh(z, t) = j(z, t) , (1)
∂ze(z, t) = ∂tb(z, t) , (2)

and thus fully described by following partial differential equation
(PDE):

∂2
zh(z, t) = σ ∂tb(z, t) . (3)

We further define the quantities relevant to the homogenisa-
tion procedure, namely: 1) the magnetic flux density averaged
over the lamination thickness b0(t) = 1

d

∫ d/2

−d/2
b(z, t) dz; 2)

the electric current density averaged over the lamination thick-
ness j0(t) = 1

d

∫ d/2

−d/2
j(z, t) dz; 3) the surface magnetic fields

h±s (t) = h(±d/2, t) (+ and− denote the upper and lower sides)
and the average of these surface fields hs = (h+

s +h−s )/2; and 4)
the surface electric fields e±s (t) = e(±d/2, t) and the associated
average es = (e+

s + e−s )/2.
The electromagnetic fields b, h, j and e exhibit symmetry with
respect to the middle of the lamination, z = 0, so we dis-
tinguish two dual cases, that are simultaneously present in a
lamination along two orthogonal directions (parallel directions,
x and y, and stacking direction, z) [39, 10]. The net-flux case
corresponds to imposing a nonzero net flux and a zero net cur-
rent and verifies the following symmetries: b(z, t) = b(−z, t),
h+
s = h−s , j(z, t) = −j(−z, t), j0 = 0 and es = 0. The net-

current case corresponds to a nonzero net current and zero net
flux with associated symmetries: j(z, t) = j(−z, t), e+

s = e−s ,
b(z, t) = −b(−z, t), b0 = 0 and hs = 0, as depicted in Fig. 1.
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Fig. 1. 1D lamination model with local coordinate system xyz and with net flux
along x (up) or net current along y (down) [31]

The closed-form analytical time-harmonic solution of (3) (com-
plex quantities in bold, imaginary number  =

√
−1, frequency

f and pulsation ω = 2πf ), yields a complex reluctivity ν for
the net-flux case and a complex resistivity ρ for the net-current
case [13, 40]:

ν =
hs

b0
= ν Γ

(
d

δ

)
and ρ =

es
j0

= ρΓ

(
d

δ

)
, (4)

with b0 and j0 the average induction and current density, hs

and es the surface magnetic and electric field. The frequency
dependence is contained in

Γ

(
d

δ

)
=

1 + 

2

d

δ
coth

(
1 + 

2

d

δ

)
, (5)

with penetration depth δ =
√

2/(ωµσ).

In the time domain, the governing PDE (3) can be solved by
choosing suitable ansatzes for b(z, t), h(z, t) and j(z, t) that
minimize the spatial degrees of freedom in −d/2 ≤ z ≤ d/2.
These fields are thus expanded in terms of ad hoc polynomial
basis functions (BFs) αk(z), βk(z) and γk(z) of order k.
We have chosen as BFs for b(z, t) the Legendre polynomials,
αk(z), which aremutually orthogonal, (1/d)

∫ d/2

−d/2
αiαj dz = 0

if i 6= j, and have absolute value one at the lamination surface
|αi(±d/2)| = 1. The expansion reads

b(z, t) =

n∑
k=0

αk(z) bk(t) , (6)

with n ≥ 0 the order of the expansion. Other feasible choices
can be found in the literature, e.g. a truncated Fourier cosine
series in [41, 42] or the Gauss-Lobatto polynomials in [16].
In order to satisfy PDE (3), the expansion of the magnetic field
h(z, t) is given by

h(z, t) = hs(t) + j0(t)z −
n∑

k=0

σd2 βk+2(z) ∂tbk , (7)

in terms of the average surface magnetic field hs(t), the av-
erage current density j0(t) and polynomials βk+2(z) that are
null at the lamination surface βk+2(±d/2) = 0 and verify
−d2∂2

zβk+2(z) = αk(z). Applying 1D Ampere’s equation (1)
to (7), we obtain the expansion of j(z, t):

j(z, t) = j0(t)−
n∑

k=0

σd γk+1(z) ∂tbk , (8)

with γk+1(z) = d ∂zβk+2. For the net-flux case, we can restrict
the expansion to the even polynomials, i.e. αk with even order
k [36]; for the net-current case, we must add the odd polynomi-
als, i.e. odd k [31]. The even polynomials αk together with the
associated βk and γk are depicted in Fig. 2.
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Fig. 2. From left to right: polynomial basis functions αk(z), βk(z) and γk(z)
(of order k) used for expanding, respectively, b(z, t), h(z, t) and j(z, t) along
the lamination thickness −d/2 ≤ z ≤ d/2 in the net-flux case.

When considering a finite number of BFs, up to order n for
αk(z), order n + 2 for βk(z), and order n + 1 for γk(z), the
magnetic constitutive law h = H(b) cannot be satisfied. We
derive the weak formulation of this material law by multiplying
it with test functions, in a Galerkin approach equal to the BFs



of b(z, t) (6), αl(z) (0 ≤ l ≤ n), and integrating over the
lamination thickness, i.e.

1

d

∫ d/2

−d/2

(
h(z, t)−H(b(z, t)

)
αl(z) dz = 0 , (9)

which leads to n + 1 linear first-order ODEs in terms of the
n + 1 bk(t), where hs(t) and j0(t) are a priori the given time-
dependent source quantities.
In what follows, we restrict the theoretical developments to the
pure net-flux case. Indeed, these are relevant for the finite el-
ement implementation with a hysteretic law that is addressed
in this contribution and validated via two application examples.
The combined net-flux/net-current case can be found in [31].

The discretisation of (9) with linear constitutive law H(b) =
νfe b leads to the system[

Hs(t)
]

= νfe
[
P (z)

][
B(t)

]
+ σd2

[
Q(z)

]
∂t
[
B(t)

]
, (10)

with
[
Hs(t)

]
=

[
hs(t) 0 · · · 0

]T and
[
B(t)

]
=[

b0(t) b2(t) · · · bn(t)
]T . Given the orthogonality of the αk(z),

matrix
[
P (z)

]
is diagonal. Moreover the βk(z) and the αl(z)

are also orthogonal unless |k− l| equals 0 or 2, so matrix
[
Q(z)

]
is tridiagonal. Their elements pl and qk,l are given by

pl =
1

d

∫ d/2

−d/2

αl(z)
2 dz =

1

2l + 1
(11)

qk,l =
1

d

∫ d/2

−d/2

αl(z)βk+2(z) dz . (12)

In the nonlinear case, with either reversible or hysteretic consti-
tutive law, we have[
Hs(t)

]
=

∫ d/2

−d/2

H
(
b(z, t)

)[
A(z)

]
dz + σd2

[
Q(z)

]
∂t
[
B(t)

]
(13)

with b(z, t) given by the expansion (6) and [A(z)] =

[α0(z) α2(z) · · · αn(z)]
T .

The time derivative in systems (10) and (13) is discretised by
an implicit θ−method, 0.5 ≤ θ ≤ 1, including backward Euler
(θ = 1) or Crank-Nicolson scheme (θ = 0.5), obtaining a system
of linear/nonlinear algebraic equations for each time step from
ti to ti+1 = ti + ∆t. In case of nonlinearity, the Newton-
Raphson method is applied at each time step. With given hs(t),
the Jacobian matrix reads

θ

d

∫ d/2

−d/2

dH
db
[
Λ(z)

]
dz +

σd2

∆t

[
Q(z)

]
, (14)

where
dH
db

is the differential reluctivity and the matrix [Λ(z)]

has elements λk,l = αk(z)αl(z) with k, l = 0, 2, . . . , n.
For a prescribed maximum error, the order n of the spatial inter-
polation of b(z, t) must be increased along with the frequency
f (or the relative lamination thickness d/δ). The integration
in the lamination thickness can be done numerically (Gauss
quadrature) and limited to interval [0, d/2], exploiting symme-
try with respect to z = 0. For hysteretic material models, the
differential reluctivity tensor also depends on the history of the
material. At the FE implementation level, this history has to
be kept at level of the Gauss points used in the 1D lamination
model. Any hysteresis model could be embedded in the 1D
system (13), classical e.g. the Preisach model [43], the Jiles-
Atherton model [44, 45] or more recent ones like the Energy-
consistent hysteresis model [46] or the so-called G hysteresis
model [47].

III. Homogenisation in a finite element model
We consider a magnetodynamic problem in a bounded domain
Ω ∈ R3. The problem is formulated in terms of the (modified)
magnetic vector potential, a, as

curlH (b) + σ∂ta = j
s
, (15)

with h = H (b) the magnetic field characterised by the material
lawH (linear or not), j

s
the imposed source current density, the

magnetic flux density b = curl a and the induced current density
j = −σ∂ta. Underlined symbols indicate vector quantities. In
the interest of clarity, we assume that only the laminated iron
core Ω` ∈ Ω is conducting and may be nonlinear (i.e. the
constitutive law outside Ω` is h = νb, linear and isotropic); the
insulating layers have a negligible thickness (fill factor ≈ 1);
and that H and b are parallel to the plane of the laminations.
Ampere’s law (15) in weak form reads: find a so that

(js, a
′)Ωs

= (ν curl a, curl a′)Ω\Ω`

+ (H(b), curl a′)Ω`
+ (σ ∂ta, a

′)Ω`
, (16)

holds for all weighing function a′ in a suitable function space
and with suitable boundary conditions. (·, ·)Ω denotes a vol-
ume integral in Ω of the scalar product of its arguments. a is
discretised by e.g. standard edge elements (3D domain or 2D
domain with in-plane current density) with a tree-cotree gauge
condition in Ω/Ω`, the non-conducting part of Ω [36]. This
reference a−formulation (16) requires the explicit modelling of
each lamination and a sufficiently fine mesh in the thickness
direction.

Hereafter, we detail the homogenisation approach that consists
in embedding the previously described 1D lamination model in
the FE formulation (16). The so-called homogenised formula-
tion allows for a coarse discretisation of the lamination stack,
with a mesh that is independent of the lamination thickness and
orientation. The coupling is naturally done via curl a, as the first
component of the expansion (6) is associated to a constant BF,
α0 = 1, and defined as the average flux density. We thus adopt
b0 = curl a in the laminated domainΩ`. The homogenised weak
form reads: find a and bk, k = 0, 2, . . . , n so that(

j
s
, a′
)

Ωs

= (ν curl a, curl a′)Ω\Ω`

+ (Hz, curl a′)Ω`
+
∑
k≤2

(
σd2qk,0 ∂tbk, curl a′

)
Ω`

,

(
Hz, b′l

)
Ω`

+
∑
k

(
σd2qk,l ∂tbk, b

′
l

)
Ω`

= 0 , (17)

holds for all weighing function a′ and b′l, l = 2, . . . , n and
n > 0 in a suitable function space andwith appropriate boundary
conditions. The additional bk, k = 2, . . . , n inΩ` are discretised
by e.g. standard facet elements. Alternatively, one may define
additional ak such that bk = curl ak and use edge elements as
for a. The coefficients qk,l can be precalculated using (12). The
function Hz denotes the integration of the material law along
the thickness of the lamination in terms of all the induction
components (b0, · · · , bn):

Hz (b0, · · · , bn) =
1

d

∫ d/2

−d/2

H

(∑
k

αk(z)bk

)
αl(z) dz ,

(18)
with k, l = 0, 2, . . . , n.
Note that in the linear case, the integral (18) simplifies to

Hz (b0, · · · , bn) =
∑
k

νfe pk bk , k = 0, 2, . . . , n (19)



with pk from (11).
The system of nonlinear algebraic equations obtained after space
and time discretization of (17) can be solved by means of the
Newton-Raphson method. The contribution of Ω` to the ele-
ments of the Jacobian matrix is determined by the differential

reluctivity tensor
∂Hz

∂b
, i.e. deriving the equations with regard to

the unknowns (b0, · · · , bn). This tensor is directly linked to (14)
and accounts for the integration along the lamination thickness.
For hysteretic material models, H in (18) is replaced by a
given hysteretic law Hh (e.g. Preisach, Jiles-Atherton, Energy-
consistent, etc.) that requires the present state (b, h) of the
material as well as its history:

H = Hh

(∑
k

αk(z)bk , h, history

)
, (20)

which implies keeping track of the additional unknowns bk at
previous instants and per Gauss integration point through the
lamination thickness. The discretised system is then solved by
applying the Newton-Raphson scheme per time step.

IV. Numerical simulations
Hereafter we consider two relevant applications: 1) a toroidal
stacked ring core of non-oriented steel sheets that highlights the
validity of the homogenisation approach with a hysteresis law;
2) a 2D FE model of a switched reluctance motor accounting
for the eddy-current effects at high frequency and high imposed
speed that successfully prevents a cumbersome 3D counterpart.
All theoretical developments have been implemented within the
open-source FE software bundle ONELAB [48], that comprises
the mesh generator Gmsh [49] and the FE solver GetDP [50].
The files used to perform the simulations are available on
demand and soon at https://gitlab.onelab.info/doc/
models/-/wikis/home.

A. A stacked ring core

As first validation test case, we study a stacked ring core sur-
rounded by an inductor. Neglecting curvature (1m along z), the
model is two-dimensionalwith in-plane induced currents (onxy-
plane) and out of plane flux density. The core comprises 2× 10
laminations (thickness d = 0.5mm, σ = 2MS/m) separated
by horizontal insulation layers (thickness di = 0.05mm, non-
conducting σ = 0 and non-magnetic µr = 1). The FeSi steel
laminations are characterised by a vector Jiles-Atherton (JA)
model [45] with parametersms = 1145220A/m, a = 59.5A/m,
k = 99.2A/m, c = 0.54 and α = 1.3 10−4.

a b

Fig. 3. 2D FE model of stacked ring core, coil and air in-between (1/4 cross-
section). a) fine reference mesh with in-plane imposed and induced current
density (2 kHz, real part); b) mesh of homogenised core.

In the brute-force fine reference model (Fig. 3, a) each half
lamination cross-section is split up in 13 × 10 quadrangles,
separated by a single layer of quadrangles (insulation), for a
total of 7657 real-valued unknowns associated to edges (after
gauging). The homogenised lamination stack (including the
insulation) is split up in 13 × 10 quadrangles (Fig. 3, b), with
130 additional unknowns (associated to the quadrangles) per
bl (l = 2, 4, . . . , n), on top of the 764 unknowns (associated
to edges) when n = 0. The fill factor of the laminated core,
λ = 50/55 = 90.1%, is simply accounted for by decreasing
conductivity, i.e. λσ, and increasing reluctivity, i.e. ν/λ or
increasing b in the JA hysteretic lawHh(b/λ) [51, 52, 10].
We impose a time-varying sinusoidal source current density js
in the coil (Ωs, outer layer of quadrangles) with same amplitude
and frequencies in the range [5, 5000]Hz. Time-stepping simu-
lations are performed using backward Euler with 240 steps per
period and starting from the zero solution.
The flux linkage versus imposed current at 50, 500 and 5000Hz
is shown in Figs. 4. The effect of the eddy currents with the
increasing frequency is evident in these global hysteresis loci.
A good convergence of the homogenised cases (n = 0, 2, 4) to-
wards the reference results (“ref.”) is observed for all considered
frequencies. The higher the frequency, the more additional basis
functions (higher n) are required for an accurate homogenisa-
tion. This behaviour is also observed in Fig. 5 that depicts the
flux linkage versus time (normalised time for a period in steady
state) for the same set of frequencies: n = 0 provides a perfect
fit at 50Hz; n = 2 and n = 4 give an excellent agreement at
500 and and 5000Hz, respectively.
The overall losses per cycle computed by the homogenisedmodel
with n = 0, 2, 4 are compared with those obtained with the
reference fine model in Fig. 6 for f ∈ [5, 5000]Hz. These losses
are the area of the loci (flux vs. current) shown in Fig. 4. Note
that these curves include eddy current and hysteresis effects.
The pure hysteretic losses may be determined by substracting
the losses obtained when using the corresponding anhysteretic
magnetisation curve (average of the ascending and descending
branches of themajor hysteresis loop). The higher the frequency,
the higher the value of n must be for ensuring accuracy.
For 240 time steps, the computation time on a MacBook Pro
2.9GHz Quad-core Intel i7 (average number of NR iterations
per step indicated between parentheses) is approximately 84 s
(5) with the fine reference mesh, and 3.6 s (3), 11.2 s (4) and
16.7 s (5) with homogenisation and n equal to 0, 2 and 4, with
no noticeable dependence on the frequency.

B. Switched reluctance motor

We consider now a switched reluctance motor (SRM), the ge-
ometry and main dimensions of which are provided in Fig. 7.
The homogenisation approach is here embedded within a 2D
FE model of the machine and validated with its fine 3D magne-
todynamic counterpart, considering one lamination (thickness
d = 0.5mm, conductivity σ = 5MS/m) and the eddy-current
distribution. Preliminary results were presented in [53]. Both
models are based on an a-formulation with edge unknowns
for a in 3D and nodal unknowns for the z−component of
a, az , in 2D. The additional homogenisation unknown fields
bk, k = 2, 4, . . . , n in 2D are discretised by means of a 90◦ rota-
tion of classical edge basis functions. A nonlinear BH relation
is considered for the laminations, viz. ν = h/b = 100+10e1.8b2

with h in A/m and b in T.
Symmetry considerations allow modelling half cross-section of

https://gitlab.onelab.info/doc/models/-/wikis/home
https://gitlab.onelab.info/doc/models/-/wikis/home
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Fig. 4. Flux linkage versus imposed sinusoidal current (amplitude I = 25A)
obtained with the fine reference and coarse homogenised models (n = 0, 2, 4)
at a) 50Hz; b) 500Hz; and c) 5000Hz.

0 0.25 0.5 0.75 1

-2

-1

0

1

2

fl
u
x
 l

in
k
ag

e 
[m

W
b
/m

]

Fig. 5. Flux linkage versus normalised time (one period in steady state) obtained
with the fine reference and coarse homogenised models (n = 0, 2, 4) at 50, 500
and 5000Hz.
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Fig. 6. Losses per cycle in laminated core as a function of frequency obtained
with the reference and homogenised model (n = 0, 2, 4).

Fig. 7. Half cross-section of 6/4 SRM (airgap radius: 30mm; airgap width:
0.29mm; stack length: 60mm; lamination thickness d: 0.5mm; stator and rotor
pole width: 16mm; outer radius: 60mm; 226 turns per coil) – flux lines with
phase 1 (red) excited and 15◦ misalignment.

the machine in 2D and extruding this domain over half a lami-
nation thickness in 3D (0 ≤ z ≤ d/2). The position angle 0◦

corresponds to the perfect alignment of rotor poles with the sta-
tor poles of phase 1 (in red in Fig. 7). The 2D mesh ccomprises
6253 triangles and 360 quadrangles, 180 quadrangles on the
rotor and stator layer bands touching the corresponding sliding
surfaces for handling the rotation [54]. This discretisation gives
rise to 3477 nodal unknowns with n = 0, plus 5718 perpen-
dicular facet unknowns when increasing n, i.e. a total of 9195
unknowns with n = 2 and 14913 unknowns with n = 4. The
3D mesh is created by extruding the 2D mesh with 5 layers of
elements in geometrical progression (common ratio r = 0.5),
yielding 31265 prisms and 1800 hexahedra in the sliding-surface
bands. See Figs. 8 for a detail of the 3D mesh. The number
of (complex- or real-valued) edge unknowns associated to this
mesh is 41954.

a b

Fig. 8. Current density at standstill with phase 1 excited at f = 5 kHz, 3D FE
model of half lamination. Detail of the mesh (thickness scaled by a factor 10
for the sake of visibility). Components a) in phase and b) in quadrature with
imposed current.

Dynamic frequency-domain calculations are first carried out im-
posing a unit-amplitude sinusoidal current in the phase 1 with



the frequency ranging from 10Hz to 10 kHz. By way of illus-
tration, the current density in half a lamination obtained with
the 3D reference model at standstill and a f = 5Hz-sinusoidal
imposed current is represented in Fig. 8 (lamination thickness
scaled by a factor 10 to enhance visibility, 15◦ misalignment
between rotor and stator poles). The eddy-current loss distribu-
tion obtained with the 2D homogenised model and the analytical
complex reluctivity (4) is shown as well in Fig. 9.

Fig. 9. Eddy-current loss distribution with phase 1 excited at f = 5 kHz,
obtained with the frequency-domain 2D homogenised model and the analytical
complex reluctivity. The rotor and stator teeth are misaligned, 15◦, standstill.

Fig. 10 represents the complex inductance obtained with the
3D reference model, the 2D models with analytical complex
reluctivity (4) (“2D ana.”), and with n = 0, 2, 4 for the cases
with fully aligned and misaligned rotor/stator poles. The 2D
analytical and n = 4 models and produces very accurate results
in the complete frequency interval. The 2D n = 2 model
guarantees this level of accuracy up to 3 kHz and 4 kHz for the
aligned and misaligned cases. With n = 0, the accuracy is still
high up to 300Hz and 700Hz for the aligned and misaligned
positions.
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Fig. 10. Inductance (real and imaginary part) versus frequency obtained with
the reference 3D FE model and the 2D homogenised FE model (n = 0, 2, 4).
Stator and rotor teeth a) at 0◦, fully aligned; b) at 30◦, fully misaligned.

Time-stepping simulations are performed for a 2 kHz, ±300V
pulsed voltage supply, that depends on the rotor position, and
with imposed speed of 20000 rpm. We adopt a fixed step of
0.5◦, i.e. ∆t = 0.33µs. The flux linkage and current of the

phase that is activated first as well as the torque versus time
are depicted in Fig. 11 for the first 0.75ms (corresponding to a
rotation of 90◦). The results obtained with the 2D homogenised
model n = 0, 2, 4 agree very well with those given by the 3D
reference computation, only small deviations are visible to the
naked eye with n = 0. A zoom on the flux (Fig.11 a) allows to
observe the convergence of the curves with increasing order. In
the same time range, we have also computed the eddy-current
losses in rotor and stator, that are represented in Fig. 12. One
observes a clear and satisfactory convergence of the results, with
an excellent accuracy for n = 4, accuracy which is already very
high forn = 2. Withn = 0, the losses are grossly overestimated.
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Fig. 11. f = 2 kHz, ±300V PWM voltage and imposed speed of 20000 rpm:
a) linkage flux (zoom with t ∈ [0.5, 0.7] s); b) current; and c) torque versus
time btained with the reference 3D FEmodel and the 2D homogenised FEmodel
(n = 0, 2, 4).

By way of illustration, we provide hereafter the CPU time for
360 steps on a MacBook Pro 2.9GHz Quad-core Intel i7. For
the 3D reference model, the CPU time is 2526 s, while for the
2D homogenised model the CPU time amounts to 62 s, 355 s
and 797 s with n = 0, 2, 4, respectively. The average number of
NR iterations per time step in all cases is 3.

V. Conclusions and Perspectives
Herein we have provided an overview of the available homogeni-
sation techniques applied to laminated cores with eddy currents
in computational electromagnetics. We have further focused on
the development of the theory for magneto-quasi-static prob-
lems in the time domain, including a hysteresis material law.
Two real-life applications have served as validation: a lami-
nated core with hysteretic material and a rotating machine with
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Fig. 12. Eddy-current losses versus time obtained with the reference 3D FE
model and the 2D homogenised FE model (n = 0, 2, 4). a) in the rotor; b) in
the stator. f = 2 kHz PWM voltage, 20000 rpm imposed speed

eddy currents in stator and rotor. The homogenisation approach
has proved to be highly accurate and efficient, and therefore a
feasible alternative to brute-force finite element models.
In spite of the huge amount of efforts and successful develop-
ments that have been reported in the literature, the modelling
of losses of ferromagnetic laminated structures is still nowadays
an open problem as evidenced by the numerous recent contri-
butions, the very latest, this year. Homogenisation techniques
are tainted by errors inherent to their underlying assumptions
(periodicity, asymptotic behaviour, etc.), edge effects are indeed
neglected. Therefore, the analysis of laminated steel in the pres-
ence of non negligible perpendicular flux remains a challenge.
The fringing fields cause flux redistribution in the individual
sheets due to saturation and generate even more perpendicular
flux that affects the adjacent laminations [55], to what extent
is not known a priori. Adopting hybrid models, that combine
homogenisation with localised standard 2D or 3D FE models of
one or more outer laminations, may provide a proper compro-
mise between efficiency and accuracy [56, 29, 57]. A thorough
analysis of this kind of domain decomposition/subproblem ap-
proach, including sensitivity, is still missing and needed for the
sake of robustness.
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