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A Circuit Interpretation of the Volume Integral

Equation

Method: the Partial Element Equivalent Circuit Approach

Abstract — A comprehensive review of the well-established Partial
Element Equivalent Circuit (PEEC) method is given and the
state—of—the-art of the method, with focus on the inclusion of
conductive, dielectric, and magnetic media in the formulation, is
discussed. Both the standard (structured) and unstructured PEEC
discretizations are presented and discussed. Furthermore, the
Amperian and the Coulombian formulation for the inclusion of
magnetic media are presented and compared. Different solution
strategies for the solution of the PEEC system of equations are also
discussed. Moreover, the breakdown in frequency issue and
strategies for its suppression are presented. Finally, the case study
of a Near Field Communication antenna is considered as an
example of the applicability of the formulation to problems of
industrial interest. Comparisons with commercial software,
measurements, and state-of-the-art PEEC methods are given.
Sample codes are available at
https://github.com/UniPD-DII-ETCOMP/DenseMatrixMarket

I. INTRODUCTION

A large body of literature shows that integral equation methods
(IEMs) are particularly suited for the solution of low and high
frequency electromagnetic (EM) problems involving large
domains with the characteristics of vacuum. Indeed, one of the
most attractive features of IEMs is that the background domain
(e.g. the air), in which the EM devices are placed, has not to be
discretized. Thus, with respect of the Finite Element Method
(FEM), IEMs allow for an easier discretization process and a
reduction of the number of Degrees of Freedoms (DoFs).

On the other hand, one of the main drawbacks of IEMs is the
generation of a dense linear system, which leads to an
eventually unfeasible storage requirement and long
computation time for its solution. However, the recent
development of efficient data compression techniques based,
e.g.,, on Hierarchical-matrices [1] with adaptive cross
approximation (ACA) [2] has rejuvenated the interest on IEMs
[3]. Among all the IEMs, the Partial Element Equivalent Circuit
(PEEC) method, introduced by A. Ruehli in 1972 [4], has been
shown to be well suited for the analysis of several EM devices,
such as interconnects [5], [6] and antennas [7], [8]. PEEC is the
subject of a large body of literature, e.g. one entire book [9], a
book chapter [10], PhD theses [11], [12], [13] and a large
number of scientific papers. One of the peculiar features of
PEEC is the natural interpretation of the EM problem as a
complex and fully coupled circuit problem. Thus, the coupling
between discretized devices and lumped circuit components is
straightforward and the final coupled EM-circuit problem can
be solved, in principle, by means of a standard circuit solver
based on the Modified Nodal Analysis (MNA) [14] technique.
Over the years, several research groups, e.g. from the
University of L'Aquila (Italy) and ETH Zirich (Switzerland),
have developed a multitude of extensions of what has become
known as the Standard-PEEC method [15], [16].

In the standard approach, regular hexahedral and quadrilateral
elements are usually adopted [9]. The unknowns of the
problem, i.e. the current density and the charge density
distributions, are represented by rectangular basis functions and
the Electric Field Integral Equation (EFIE), combined with
Ohm’s law and the continuity equation, is then discretized by
means of the Galerkin approach. The standard PEEC method

was later extended to the more general case of non-orthogonal
grids [17] through ad-hoc adjustments.

More recently, the Unstructured-PEEC method was introduced.
This approach was initially presented in [18] for surface
conductive models, and then extended to three-dimensional
models and dielectric/magnetic media [19], [20]. This approach
provides a theoretically sound formalization of PEEC, allowing
the study of both structured and unstructured meshes without
any particular additional effort. With the Unstructured-PEEC
method the conservation properties of the EM unknowns are
naturally and strongly imposed.

While conductive and dielectric media have been considered in
the framework of PEEC quite early [19], [21], the extension to
magnetic media has been achieved more recently, initially for
quasi-static problems and later for the full wave case [22], [16],
[20], [23], [15]. The first approaches presented in literature,
proposed to solve a magnetic equation for the magnetic flux
density together with the EFIE equation. Amperian currents
[16], [20], or the magnetization [23], [15], were adopted as
equivalent sources for the magnetic media. However, when this
approach is embraced, the traditional PEEC elementary circuit
cell [18] can be adopted only for the discretization of the electric
domains and not for the magnetic ones, so that the circuit
interpretation of the EM problem is partially lost. Moreover,
when the properties of the magnetic unknowns (e.g. the
magnetization) are to be strongly enforced, a method like the
one proposed in [20] should be applied, with the drawback of
increasing the number of unknowns.

More recently, a different approach based on the Coulombian
interpretation of magnetization phenomena has been proposed
in [24] and [25], with the aim of overcoming the drawbacks of
the Amperian PEEC methods, and providing a re-collocation of
PEEC in the context of IEMs. Indeed, such approach, which
arises from a standard theoretical framework common to high-
frequency IEMs, allows maintaining a strong circuit
interpretation also in the presence of magnetic media.

The aim of this Technical Article is to provide a comprehensive
review of the well-established PEEC method. Thus, both the
standard and the unstructured PEEC discretization are first
presented and discussed for conductive media only. Then,
extensions of the PEEC formulation to dielectric and magnetic
media are discussed. In this regard, two alternatives are
presented and compared: the first based on the Amperian [20]
and the second on the Coulombian [24] interpretation of
magnetization phenomena.

The paper aims at showing that PEEC can be interpreted as a
particular form of classical Volume Integral Equation methods
and, at the same time, if appropriately formulated, maintains a
strong circuit interpretation of the EM problem. In this regard,
different solution strategies for the solution of the coupled EM-
circuit problem are proposed and critically discussed.

Finally, as an example of the applicability of PEEC to problems
of industrial interest, a real Near Field Communication (NFC)
antenna [26] is simulated by means of both the Amperian and
the Coulombian approaches. With the aim of showing the
efficiency of PEEC combined with compression techniques, the
NFC antenna problem is also solved by means of the HLIBPro
library [27] based on Hierarchical-matrices and ACA.
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Il. ORIGINAL PEEC METHOD FOR CONDUCTIVE MEDIA

In this section, with the aim of providing an easy and
straightforward introduction for readers who are new to IEMs,
the original PEEC method for homogeneous conductive media
only is presented.

Thus, starting from the Maxwell’s equations, the PEEC
formulation is shortly derived and numerically discretized with
two different approaches: the Standard one [9], which is the
first procedure historically proposed and originally formulated
for structured meshes only, and the Unstructured one (or Dual
one) [18], which allows the study of structured and unstructured
meshes without any particular additional effort.

A. Formulation

The conductive domain ., with boundary 0Q. = T, consists
of all the regions with electrical conductivity o, greater than
zero. The active, i.e. conductive, domain, which may consist of
disjoint regions (ie. Q. =Q, U--UQ, where n is the
number of distinct regions), is embedded in the inactive domain
Q, with the characteristics of vacuum. Considering only
conductive media, all subregions of Q. are characterized by
relative permittivity and permeability equal to one. The whole
computational domain is given by Q = Q. U Q, = R3.

For linear conductive media, Ohm’s law holds:

E=pJ. inQ, (1)

where E is the electric field, p, = a7 1 is the electric resistivity,
o, is the electric conductivity, and ] is the conduction current
density.

Maxwell’s equations in the frequency domain can be written as:

= &’ VXE= _l(x)B,
£ 2
=0, VXH=] +iwgE,

where g, is the free electric charge density, &, is the permittivity
of vacuum, B is the magnetic flux density, H is the magnetic
field, i is the imaginary unit, w = 27xf is the angular frequency
and f is the frequency.

Moreover, the conduction current density and the charge
density distributions must satisfy continuity laws in €, and its
boundary T,:

V-] = —lwo., Jo-n=—iwg, 3)

where ¢, is the free electric surface charge density which exists
on [, i.e. the surface over which the current density is
discontinuous. It is worth noting that the second expression in
(3) only holds for homogeneous media, which is indeed the
assumption in the present context.
A vector potential A and a scalar electric potential ¢, can then
be introduced [28]:
E=-iwA-V¢p,, B=VXxA. 4)
It is worth noting that in some communities A is referred to as
magnetic vector potential, however, in order to avoid
misunderstandings with other parts of the paper, A is here
referred to simply as vector potential.

Applying the Lorenz gauge V- A = —iweglo@., Where u, is
the permeability of vacuum, and substituting (4) into (2), the
following partial differential equation is obtained:

DA = uoJe, (5)

where 0 = (iw)?cy? — V2 is the d’ Alembert operator and ¢, is
the speed of light in vacuum.
The solution of (5) is:

A() = o [, Je (0)g(x, 1)’ ©)

where r is the field point, r’ is the integration point in Q., and
g(r, ") is the scalar dynamic Green’s function [28]:

—iw|r-r'|/co

glr,r) == )

4m|r-r'|
The scalar dynamic Green’s function in (7), also known as
retarded Green’s function, represents the general solution of the
fundamental Helmholtz equation. However, when the
conductive domain is electrically short, the time delay effects
in the propagation of the EM fields can be neglected and (7) can
be replaced by

1

am|r—r'|’

glrr) = (7bis)

which is the static (or non-retarded) Green’s function.

The integral expression of ¢, can be directly obtained from (5)
by using the Lorenz gauge condition:

@, (r) = fnc%i’(”’)dgf + fm%dr" ®)

The volume and surface charge densities in (8) can also be
substituted with J resorting to (3).

Finally, from (4), the electric field E only depends on the
conduction current density vector J. by means of an integral
relationship known as the Electric Field Integral Equation
(EFIE) [29]:

E= —iwA(]c) - V(pe (]c) + Eextl (9)

where E,, is a known imposed field.

(9) together with (1) fully represent the EM problem, where J,.
is the problem unknown. The formulation presented above is
common to most Volume Integral Equation (VIE) methods
[30], and for this reason the original PEEC formulation, which
relies on them, can be interpreted as a particular VIE.

B. Discretization: Standard (Structured) Approach

The standard discretization procedure presented here is the
basic and original form, while interested readers may consult
more exhaustive references [9], [17]. With the aim of providing
a general discussion, the 3-D case (i.e. volume discretization) is
considered. Indeed, the discretization of 2-D (i.e. thin devices)
and 1-D (i.e. thin wire devices) models can be easily derived
from the 3-D one.

In the original PEEC formulation introduced by Ruheli in 1972
[4], conductive domains (which are the only active media
considered in the original PEEC formulation) are subdivided
into rectangular volume and surface cells, thus restricting the
analysis to Manhattan-type model geometries.
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Fig. 1. Standard PEEC discretization in the 2-D case.

After obtaining a regular discretization of the conductive
domains, a capacitive mesh and an interlocked inductive mesh,
consisting of three distinct meshes oriented along the
orthogonal axes, are defined.

Finally, the unknown current density vector and charge density
distributions are approximated by pulse functions with support
on the elements of the inductive and capacitive mesh,
respectively.

For the sake of clarity, Fig. 1 shows a 2-D mesh discretization
used to approximate the unknown current vector and charge
distribution of a conductive structure of negligible thickness
(e.g. a metallic chassis or a planar antenna).

The current density vector ], is approximated by:

Jo(t) = 3 e, Pi(D), (10)

where N; is the total number of inductive cells, py is the vector
pulse basis function and j . _is the unknown DoF related to the
kth element of the inductive mesh (the subscript s indicates the
Standard PEEC discretization). The vector pulse functions
px (r) are defined as:

A;luy, re Ak

: (11)
0, elsewhere

P = {

where y = x,y, z depending on the orientation of the inductive
mesh (see Fig. 1), u,, is the unit vector along the direction y, A
is the cross section of the kth element of the inductive mesh, and
Ay is the support of the kth basis function (i.e. the kth element
of the inductive mesh).

The volume and surface charge densities, o, and ¢., are
approximated by:

NY N3
0c(®) =X, qcil Pk (), () =X, qeiipi (@ (12

where py and pj, are the (scalar) pulse functions defined for the
volume and surface capacitive cells, respectively, and g,”, and

gs;, are the unknown DoFs related to the kth volume and

surface element of the capacitive mesh, respectively. Ny and N;
are the number of volume and surface capacitive cells,
respectively. Thus, o, and ¢, are discretized into N; volume
and Ng surface capacitive cells, respectively, by scalar pulse
functions py,(r) and p} (r), defined as:

Vil reAy s

(AN ren
0, elsewhere’ Pic(r) _{

0, elsewhere

pi(r) = | (13)

where V is the volume of the kth volume-capacitive cell, 4, is
the area of the kth surface-capacitive cell, Ay, is the support of
px (i.e. the volume-capacitive cell), and Aj, is the support of p3,
(i.e. the surface-capacitive cell).

Expansions (10) and (12) are then substituted into (8) and (9)
and a Galerkin scheme is applied, that is (8) is tested with p},
and pj. and (9) is tested with p,, resulting in

eexts = Rsics + istics + Gcsd)esl (14)
¢e5 = Pyq,, (15)

where:

® ey, IS a column vector with entries eqyp = Jopr (¥ -
Eepe()dQ, forh =1, -, N,

e R;isaN; x N; diagonal standard-PEEC resistance matrix
with entries

R = JopePa(®) - pe(r)de, (16)

* jcg Is the column vector of the DoFs j , for h = 1, -+, N,
e L, isan N; X N; dense standard-PEEC inductance matrix
with entries

Lspe = Ho o JoPr(®) - pe(@)g(r,r)dadQ, (17)

e Ge isan N; X (Ng + Ng) incidence matrix of the equivalent
circuit obtained from the discretization of the conductive
domain: each inductive cell is interpreted as a circuit branch
connected to two circuit nodes (i.e. the nodes of the mesh).

* ¢, is the column vector of the DoFs related to ¢,. ¢, is
subdivided  into ¢, = [Pe, P, ] where g =
ch ph (D@ (r)dQ for k=1,--,N7, and g, =
frc pr (D@ (r)dQ for k=1,---,Ng; the scalar electric
potential is instead related to the nodes of the mesh in a one-
to-one relationship with the volume and surface cells of the
capacitive mesh,

e P, is a full (NJ+N;5)x (NY+N;) standard-PEEC
potential matrix subdivided into

Py PS"S]

P = Psv  Ppss
s s

(18)
where
Po =€t [ Jo, PR PEXg(rr)d0dQ, (19)
PShie =& [p Jr PRI PR g(r,r)dI dr,  (20)

ohie = Pokn =& [ Ji PR PR g(r,r)dl'dQ,
(21)

e (, isthe column vector of the DoFs related to o, and ¢.. qs
is subdivided into q5 = [q¥, q5] where q¥ are the DoFs g2, ,
fork =1,---,Ng, and g3, isthe DoFs g, fork = 1,---, N;.

In this discrete representation, G  represents the algebraic
equivalent of the gradient operator in (9). Moreover, since jq
are the fluxes of J. through the cross sections of the inductive
cells of the mesh and q are the electric charges enclosed in the
capacitive cell of the mesh, the continuity equations (3) can be
represented in an equivalent algebraic form as

G jc, = iwqs, (22)

where GIS represents the algebraic equivalent of the divergence
operator.

Since the vector pulse function p, has a local support that
coincides with the kth inductive mesh element, matrix Ry is a



diagonal matrix and the term Rj in (14) can be interpreted as
the ohmic voltage drop along the y direction, with y = x,y,z
depending on the orientation of the kth inductive mesh element.
The matrix Lg is symmetric and is structured by three diagonal
dense blocks:

L, 0 ©
Ly=|0 Ly 0 (23)
0 0 L,

Indeed, the inductance coefficient (17) vanishes when p, and
pr have mutually orthogonal directions. The term iwLgj, in
(14) can be interpreted as an inductive voltage drop due to the
self and mutual inductive couplings between the elements of the
inductive mesh.

Finally, the last term in (14) can be interpreted as a capacitive
voltage drop obtained as the algebraic difference between the
potentials of the terminal nodes of the inductive mesh elements
(i.e. the circuit branches). In (15), the potentials are related to
the electric charges by means of the dense symmetric potential
matrix Pg.

Following the circuit interpretation, (14) can be interpreted as
the set of Kirchhoff’s Voltage Law (KVL) written for each
branch of the electric circuit.

The KVLs are complemented by the charge conservation law
(22), i.e. by the Kirchhoff Current Laws (KCLs).

Moreover, (15) and (22) can be combined together resulting in

GISiCS —iwCd,, =0, (24)

where C = P;! is defined as the capacitance matrix.
Finally, (14) and (24) can be assembled into a unique system of
algebraic linear equations:

R, +Tist (?cs Jes | _ [eexts . (25)
G, —iwC| |Pe, 0
The linear system (25) features a complex symmetric matrix
and generally enjoys good numerical properties (more details
are given in section 1V). However, C is obtained from the
inverse of P, and this operation requires a considerable
computational cost which grows as O(N? + N;)S.

However, by accepting the loss of symmetry, (25) can be also
written in a form which avoids the inversion of P:
R + iwL G j e
s ; s 'cs []cs ] _ [ exts . (26)

P G, —iwl ¢es Ps-0

where 1 denotes the identity matrix. Finally, (26) can also be
reduced by eliminating ¢,  with the Schur complement
approach [31]:

. 1 .
(Rs + iwLg + aGcsPsG;:rs) Jos = €extsr (27)

(27) is the discrete version of the continuum integral equation
(9). This system is also complex symmetric and of a reduced
size compared to (25) and (26). However, since w appears at
the denominator, it can be adopted only when the frequency is
sufficiently larger than zero. Indeed, although the system is
theoretically solvable for w # 0, the inductive term iwLg and

the capacitive term % GCSPSGES scale differently with w and for
small values of the frequency. This different behavior often

leads to the well-known breakdown in frequency problem [32],
which is discussed in section V.

The standard PEEC discretization scheme is based on an
intuitive circuit interpretation of the continuum electromagnetic
equations. However, the assumptions made in the derivation of
the scheme sometimes lack of a systematic background and, in
some circumstances, may lead to an inaccurate numerical
method [18] since some properties of the EM unknowns are not
strongly enforced. For these reasons, in the recent years the
PEEC discretization scheme has been re-formulated
introducing the concept of duality and primal and dual grids. In
the next section, this more sound discretization approach, i.e.
the unstructured PEEC discretization, is applied to the original
PEEC formulation for the case of conductive homogeneous
media only.

C. Discretization: Unstructured Approach

The unstructured PEEC discretization scheme has been
introduced in [18] for surface conductive models. In that paper
the concepts of primal and dual grids, typical of the Cell Method
[33], [34], were applied in the framework of the PEEC method.
Fig. 2 shows the unstructured PEEC discretization for the case
of a conductive structure of negligible thickness. The
unstructured PEEC discretization was then extended to the case
of volume conductive and dielectric media [19]. For the sake of
generality, the 3-D case is here considered. The 2-D and 1-D
cases can be easily derived from the 3-D one.

In the unstructured discretization approach, the conductive
domain Q. is discretized into a tetrahedral or hexahedral mesh,
i.e. the primal grid. Then, a dual grid is obtained by taking the
barycentric subdivision of the primal one, leading to a one-to-
one relationship between the entities of the primal and the dual
grid (e.g. primal volumes to dual nodes, primal faces to dual
edges, etc.). Fig. 3 shows the primal and dual grids for a
particular case of a hexahedral mesh. In this particular case,
both the primal and the dual grids consist of hexahedral
elements, whereas, for a general unstructured primal grid, the
dual grid consists of generic polyhedra.
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Fig. 2. Unstructured 2-D discretization. Primal gird: red. Dual grid: blue.
Primal and dual geometric entities are indicated without and with tilde,
respectively. Courtesy of Prof. Fabio Freschi, Politecnico di Torino, Italy.

Fig. 3. Primal grid: black lines. Dual grid: red lines. Dual nodes: blue
squared points in a one-to-one relationship with the primal volumes. Dual
boundary nodes: red circled points in a one-to-one relationship with the
primal boundary faces (one of them is highlighted in blue).



Then, the conduction current density vector is expanded by
means of Whitney face elements, as:

Jo(0) = X3 Jese Wi (1), (28)

where wy, is the kth Whitney face shape function related to the
kth face of the mesh, i.e. f.x, j.x is the flux of J. through
fex and Ny, is the number of faces of the mesh (i.e. primal
faces). The j., are coefficients in an array j.. Whitney
elements can be defined for both tetrahedra [35] or eight-node
hexahedra (with planar quadrilateral faces) [36].

Whitney face elements enjoys the following properties

Vew, = +— W, n=+—, (29)
Ak

h
where V}, is the volume of the element of the support of wy, n
is the outward unit normal vector of f.,, and A4, is the area of
fc,k-

Thanks to properties (29), combining (3) with (28), expansions
for the electric volume and surface free charges, which
correspond to (12) for the standard PEEC, can be obtained.
Thus, q = [q", g°] related to the primal volumes and primal
boundary faces of the mesh can be introduced also for the
unstructured PEEC discretization.

Finally, (28) and (12) are substituted into (8) and (9) and a
Galerkin scheme is applied, resulting in:

€cxt = Rjc +iwLjc + GocPe, (30)
¢. =Pq. (31)

It is worth noting that (30) and (31) are formally equivalent to

(14) and (15), however, since J. has been differently expanded

(i.e. (28) instead of (10)) and the testing functions are now

Whitney face elements instead of pulse functions (i.e. wy

instead of py), the resistance, inductance and incidence

matrices as well as the column vectors are defined differently,

i.e.

® e, IS a column vector with entries ey, = fﬂwh (r) -
Eexe(r)dQ, forh = 1,-++, N,

e R is an Ny X Ng, sparse unstructured-PEEC resistance
matrix with entries

Rpy = [own(®) - wi (D)p,(r)dQ, (32)

e Lisan N, X Ny full unstructured-PEEC inductance matrix
with entries

Lyx = o fn fn Wy (1) - wi (r)g(r, r')dQ'dq, (33)

e Gg. is an incidence matrix representing the algebraic
equivalent of the gradient operator. Ggc is Npe X (Ny +
N¢, o), Where N, is the number of volume of the mesh and
Nf, . is the number of boundary face of mesh. Each row of
Gy, related to an internal face, £, has +1 and —1 in the
columns corresponding to the two tetrahedral (or
hexahedral) elements sharing the face f,¢. Instead, each
row of Gg, related to an external face, f#** , has +1 in the
column corresponding to the boundary face f;”“, and —1in
the column corresponding to the tetrahedral/hexahedral
element having the face f#*¢.

e ¢, is a column vector with entries related to ¢,. ¢, is
subdivided into ¢, = [¢g, Pi]  where P, =

Jo Vet @e(mda  for k=1, Ny, and ¢ =
Jr At (D@ (r)dQ for k = 1,---,Nfbc. V, and A, are the
volume and the area of the kth primal volume and boundary
face, respectively. The scalar electric potential is instead
related to the dual nodes of the mesh in a one-to-one
relationship with the primal volumes and primal boundary
faces of the mesh,

e P is a full (Ny+Np,)Xx (Ny +Np,c) unstructured-
PEEC potential matrix subdivided into

P=[pw psl (34

in which
Py = |Vk||Vh|50f f,, 9@, r)dQ’dq, (35)
Py = mffbk ffbh g(r,r’)dQ'dq, (36)
PR = o=y, S, 90 1AL D (37)
P = mffbkf g(r,r')da'dq, (38)

where v, indicates the kth volume element of the mesh, fb;,
the kth boundary face of the mesh, and | - | the measure.

e q is the column vector of the DoFs related to o, and ¢.. q
is subdivided into q = [q", q°] where q" are the DoFs gy,
for k=1,--,N,, and q° are the DoFs gq;, for k =
1, Ny

The evaluation of the inductance and potential coefficients
requires the computation of double volume or surface integrals.
When the support of the basis and the test functions overlap, the
integrand exhibits a singularity due to the Green’s function.
Thus, singularity extraction techniques (as the ones proposed in
[37] and [38]) should be adopted in order to accurately evaluate
the matrix coefficients.

As in the standard discretization process presented in section
11.B, j. and q can be related by means of a discrete continuity
equation obtained by inserting (28) in (3) and exploiting (29),
ie.

G('I)‘.cjc = iwq. (39)

Finally, even if the matrices and the column vectors are
differently defined, the set of matrix equations (30), (31), and
(39) is completely equivalent to (14), (15), and (22) of the
standard PEEC discretization. Thus, the same considerations of
section 11.B still hold for the unstructured PEEC discretization
and systems of equations equivalent to (25) and (27) can be
easily derived.

The unstructured discretization offers a natural circuit
interpretation of the EM problem. Indeed, the dual nodes (in a
one-to-one relationship with the primal volumes and primal
boundary faces of the mesh) can be interpreted as electric circuit
nodes, whereas the dual edges (in a one-to-one relationship with
the faces of the mesh) are interpreted as electric circuit
branches. Thus, the structure of the PEEC elementary circuit
cell, represented in Fig. 4, can be adopted to represent the
equivalent circuit derived from the unstructured discretization
process.
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Fig. 4. Elementary PEEC circuit cell for the Ith face of the mesh (i.e. the Ith
circuit branch).

D. Coupling PEEC and Lumped Circuits

One of the most attractive features of PEEC is the strong and
natural circuit interpretation of the electromagnetic problem.
Indeed, whether the standard or unstructured discretization
schemes are adopted, the final matrix equations can be regarded
as KVLs and KCLs written for each branch and node of the
equivalent circuit, respectively.

Thus, electrical connections between the discretized devices
and electric circuits consisting of lumped components such as
voltage sources, resistors, inductors, capacitors can be easily
considered.

In such a case, (25) is modified as follows by introducing the
KVLs and KCLs written for each extra lumped circuit branch
and node, i.e.

[R + iwL Gq. 0 0 11 e €oxt

Gh. —iwP™' G, 0|, Jo
| 0 Gl,c Zl Gl,l| il T |€extt| (40)
| o 0 G| 0 |Llde, Jou

where j, is a column vector storing the currents flowing in the
lumped circuit branches, ¢, is a column vector storing the
electric potentials of the lumped circuit nodes, G¢; is an
N; X (N, + Nf, o) incidence matrix describing the connections
between the N; lumped circuit branches and the dual nodes of
the discretized devices, and Gy, is an N; X N, incidence matrix
describing the connections between the N;lumped circuit
branches and the N,, lumped circuit nodes. e,,;, is a column
vector array storing the electric field applied to the lumped
branches, jo and jo, are column vectors storing external
currents injected into the circuit nodes of the meh and lumped
circuit nodes, respectively. Z; is an N; X N; impedance matrix
related to the lumped branches.

It is worth noting that the Schur complement approach can be
applied also to (40) and thus ¢, can be explicitly removed from
the unknowns.

I1l. EXTENSIONS OF THE PEEC METHOD: DIELECTRIC,
MAGNETIC, AND INHOMOGENEOUS MEDIA

In this section, the PEEC method, presented above for
homogeneous conductive media only, is extended to dielectric,
magnetic, and inhomogeneous media following the most
significant approaches proposed in literature [24], [25]. For the
sake of conciseness, from now on only the unstructured PEEC
discretization is considered, however, similar results can be
obtained with the standard structured approach.

A. Dielectric Media

The extension of the PEEC method to dielectric media (i.e.
media with relative electric permittivity &, other than the one
of vacuum, &.# 1) can be achieved straightforwardly.
Historically, the extension to dielectric media was first
presented in [39].

The main idea, common to classical IEMs, is to replace the
dielectric domain Q, (i.e. the regions with &, # 1) with an
equivalent electric polarization density distribution in vacuum,
i.e.

D = gy&.E = ¢4E + P,, (41)
where D is the electric displacement and P, is the electric

polarization vector.
With the help of (41), Maxwell’s equations become:

V.E=%'% V x E = —iwB,
o (42)
V-B=0, VxH=J +],+iwE,

where J, = iwP, is the polarization current vector and g,, is the
volume bound electric charge density which is related to J,, by
means of

V-]p = —iwgy, Jp n=—iwgy, (43)

where ¢, is the electric bound surface charge density on I; =
9Qg, i.e. the surface over which J,, is discontinuous.

A constitutive equation which relates E with J, can be
introduced and derived from (41), i.e.

E = pd]pv in Qd! (44)

where

pa=—— inQ, (45)

iweg(er—1)"

is the equivalent electric resistivity of dielectric domains.

From (42)-(45), it is clear that, from a mathematical point of
view, ], acts in the same way as J. Thus, the electrical current
density vector Jo =], +]J, and the electric charge densities
Qe = 0. t+0pand ¢, = ¢, + ¢, can be introduced in the electric
domain Q. = Q.U Q4. Moreover, the electric resistivity p,
equal to

1

Pe=—T—"— INQ,, (46)

octiweg(er—1)'

can be introduced. Using (46), the whole discussion still holds
for dielectric media by simply substituting J. with J., Q. with
Q., p. With p,, o, with g, and ¢, with ¢,.

B. Magnetic Media: Amperian Interpretation

The extension of the PEEC method to magnetic media (i.e.
media with relative magnetic permeability u,. other than the one
of vacuum, u, # 1) has been obtained more recently. In this
section, the extension of PEEC to magnetic media is achieved
by following the Amperian interpretation of the magnetization
phenomena, as first proposed in [22] for the standard PEEC



discretization and then in [20] for the Unstructured PEEC
discretization.

As for the extension to dielectric media, the main idea is still to
replace the magnetic domain (,, (i.e. the regions with p, # 1)
with an equivalent magnetization distribution in vacuum, i.e.

B = pourH = poH + oM, (47)

where M is the magnetization vector.
From (4) and (47), H = u3'V x A — M and thus (5) becomes

0A =po(Jc + VX M) (48)

whose solution (in the sense of distribution theory) is given by

AW = o f Jo () g(r, QY +
Qc
o fo,_Ta ()9, ¥)AQ g [, K, (F)g(r,r)dI",  (49)

where J, = Vx M and K, = M X n are the volume and surface
Amperian currents, respectively, and I, = dQ,,. The integral
expression of ¢, can be obtained again by combining (49) with
the Lorenz gauge condition. This leads again to (8). Indeed J,
and K, (which are electric currents) are obtained from the curl
of M and thus are divergence free. As a matter of fact, in ideal
(non-conductive) magnetic media no free or bound electric
charge is present, thus the presence of magnetic media does not
directly affect the electric scalar potential.

Following the same idea of section I1.A, where a constitutive
relation between E and J. has been imposed, a constitutive
relation must now be imposed between M and B, i.e.

B=a,M, inQ,,. (50)
where
Ay = % in Q. (51)

Finally, if conductive, dielectric, and magnetic media are
considered, the whole EM problem can be reduced to

Pele = —iwA(J¢ Ja Ka) — Ve (Je) + Eexti inQ,, (52)
AmM =V X A(J Ja Ka) + Bextr 1IN Qe (53)

where B, is the imposed magnetic flux density field.

(52) and (53) can then be discretized following the standard or
the unstructured procedure proposed in [22] or [20],
respectively.

By choosing the unstructured scheme of [20], after discretizing
Q,, with tetrahedra (or hexahedra), M is expanded by means of
Whitney edge shape functions, i.e.

M(r) = X" my wi (), (54)

where wg is the kth Whitney edge shape function [35] related
to the kth edge of the mesh, i.e. ey, ., m; is the line integral of
M along e, , and N,,, is the number of edges of the mesh (i.e.
primal edges). Thus, the column vector m, with entries m; with
k=1,-+,N,p,, is defined.

By substituting the expansions (28) and (54) in (52) and (53),
and applying a Galerkin approach (i.e. (52) is tested with wy
where k =1,--, Ng, and (53) is tested with wy; where k =
1,--+, N,,,,) the following system of equations is obtained (more
details can be found in [20] and [24]):

C

[ R+ iwL Goc iw[Lejaleka] [C"“‘] 1_

I I'm I ]C
Gl —iwP™! 0 [¢e] =

Cﬂm]T Co T Lja,ja Lja,ka Co m
IR e bt o

(o] Lo Crml LiajoLicatal | Crm] ]

[ o] 5)

bext

where the volume, volume-surface, and surface Amperian
inductance matrl_ces Lej.» Lek, Lj,jar Liak, Ligj,» Lik,k, (Which
represent the discrete operators related to the volume and
surface Amperian currents) are given by

Lejay,,, = Ho fﬂe fﬂm Wy (1) - wi (r')g(r,r')dQ'dQ, (56)
Le,kah’k =
po fo Jr, Wr(r) - (X wi(r')g(r,r)dr'dQ,  (57)

Lja,jah,k = Uo me fnm wh(r) * Wi (r’)g(r! r,)dQ"dQv (58)
Lja,kah'k = Lka,jak‘h =
Ho [ S Wa(r) - (n X Wi (X)) g(r,r)dr’'dQ,  (59)

Liq kap . =
o Jr, i (X W) - (n x E(r))g(r, r')dI"dr.  (60)

In (55), Cqm is the curl (faces to edges) incidence matrix of Q,,
of size Nf, X Nep, (Ngyp, is the number of faces of the mesh of
Q). Crm is the curl selection matrix of size N, ., X N,,, which
selects the boundary edges of Q,, (N, is the number of

boundary edges of Q,,).
F of size N,,, X N,,,, represents the discrete form of (50) given

by

Fh,k = fﬂm am(r) Wﬁ (r) : W}?(l‘)dﬂ, (61)

while b, is the column vector with entries bgy, ,, = fﬂ wy (1) -
Bext (r)dQ, forh =1, , Nop,.

The above discussion, based on the Amperian interpretation of
magnetization phenomena, refers to the first approach proposed
in literature for the extension of PEEC to magnetic media. It is
worth noting that, when this approach is chosen, the
discretization of the magnetic domain does not offer the same
circuit interpretation by means of the traditional PEEC
elementary circuit cell. Thus, the circuit interpretation of the
whole electromagnetic problem becomes less evident [24].
Another important aspect which is worth noting is that this
method suffers from a numerical issue when media with
relatively high values of magnetic permeability are involved.
Indeed, the constitutive relation (50) depends on «,,, which,
with the increase of the relative permeability, tends to y, (i.e.
a, — Uo with increasing p,.). For instance, from a numerical
point of view, the difference between media with p, = 1,000
and u,= 10,000, due to round-off errors [40], may become
indistinguishable when floating—point arithmetic is used. When
F is summed to other integral matrices (which are affected by
numerical approximations due to the integration of Green’s
function) this numerical issue is amplified. Indeed, the
numerical approximations which affect the integral matrices are
orders of magnitude greater than the last significant digits of
A -

However, aside from these drawbacks, the Amperian method
allows for an easy implementation. Indeed, as discussed in
section IV.C, under some conditions, the volume Amperian



currents can be forced to be zero, thus improving the
computational performances of the method.

C. Magnetic Media: Coulombian Interpretation

To solve the problems of the Amperian approach described
above, a different approach based on the Coulombian
interpretation of the magnetization phenomena has been
proposed in [19], [41] and extensively in [24] where the
Amperian and the Coulombian methods have also been
compared. This approach is based on a theoretical framework
which is quite common in the high frequency community, but
less used for low frequency EM problems.
Maxwell’s equations (considering conductive, dielectric, and
magnetic media) are first rewritten in a symmetrized form [30]:
E=2%, —VxE=],+iouH,
o (62)

V-Hzi—’", VX H =], +iwgkE,
0

where J,, = iwpuoM is the magnetic current density vector and
0., is the volume bound magnetic charge density [42] which is
related to J,, by means of

V- ]m = _iw9m1 ]m = _iowl (63)
where ¢,,, is the magnetic bound surface charge densityon I;,,, =
daQ,,, i.e. the surface over which J,, is discontinuous.

Then, a constitutive equation relating H to J,,, can be introduced
and derived from (47), i.e.

H=pplm, inQy, (64)

where

1

[ — i O
L (65

Pm =
is the equivalent magnetic resistivity of magnetic domains.
As is customary for high frequency IEMs, the electric and
magnetic vector potentials A, and A,,, respectively, and the
scalar electric and magnetic potentials ¢, and ¢,,, respectively,
are introduced [43]:

E = —iwA,
H=—-iwA,

— Vo, — VXA, (66)
— Vo, + UtV xA,. (67)

A, A,, and A,, are related by A = A, + (iwg; 1)V X A,,, and
the Lorenz gauges V-A. = —iwe&yuop, and V- A, =
—iweEylo Py are imposed. Substituting (66) and (67) into (62),
following partial differential equations are obtained:

OAe = Hole (68)
DA = €oJm (69)
which are solved by:
Ae(r) = po [, Je (X g (r,r)d, (70)
An(r) =& [ Jm (Xg(r,rHda’. (71)

By means of the Lorenz gauges, ¢, and ¢, can be obtained
from (70) and (71). Thus, ¢, is still given by (8) by substituting
0. with g., ¢.with ¢,, Q. with Q,, and I, with T,. ¢, is instead
given by

(pm(r) = fﬂm Qm(r’z;q(r,r') da’ + frc Cm(r’iz(r,r/) dr. (72)

Thanks to the Coulombian interpretation and the introduction
of the four potentials, the formulation benefits from a
remarkable symmetry for electric and magnetic media. J,, can
now be expanded as in (28) by means of Whitney face shape
functions, leading to the corresponding column vector of DoFs
jm. Then, the expansions of J, and J,, are substituted in (66) and
(67) and the resulting equations are tested with the same
Whitney face shape functions. This finally results in:

R+iwLl  Ggc Kem 0 je Coxt

[ Gl. —iwPSt 0 0 ] O 0

| —Kme 0 Ry + iwLly Gom | jm - Ihext]’ (73)
0 0 G, —iwpilenl Lo

where ¢, is the array of DoFs corresponding to ¢,,,, hey is the
array of DoFs related to H,, matrices Ry,, Ly, Py, are the
corresponding magnetic PEEC resistance, inductance, and
potential PEEC matrices, respectively, given by

Ry = fnm Wi (1) - Wi (1) (1), (74)
Lpy =20 Jq Jo, Wn() - wi(r)g(r,r)dQ'dQ, (75)
Py PYS
Pn = psv P;]s], (76)
where

Ponk = |Vk||Vh|ltof f g(r,r)dQ'dQ, (77)

ss _ 1 ’ ’
k= Teiitoniig o oy 9 FIAYAD, (78)

vs —— 1 I I
ke = ooy Vv S, 9 (040D, (79)

Sv ' '
e = et iy 967100 (80)

Kem = KI. are instead interaction matrices between electric
and magnetic domains, with coefficients given by

wi (@ )x@-r") | . w)x(-r") ,
emh k f f Wh(l') ( —r'|? +iw colr—1']? )dQ dq.
(81)

Gg. and Gg, are incidence matrices of (. and
Q. respectively, defined analogously as Gg.

The above formulation (which is more extensively presented in
[24]) allows for a strong circuit interpretation also when
magnetic media are considered. Indeed, the same PEEC
elementary circuit cell of Fig. 4 can be adopted for electric and
magnetic media by simply introducing the effects of matrices
Kem and K. Moreover, this method does not suffer from the
numerical issue described for the Amperian approach when
magnetic media with high value of magnetic permeability are
considered.

The Schur complement can be again adopted for explicitly
eliminating ¢, and ¢, from the unknowns of (73). Finally,
when the frequency of the problem is relatively low, the
inductive magnetic effects are almost negligible and the term
iwLy, can be dropped.



D. Inhomogeneous Media

Up to now, homogeneous media only have been considered. As
discussed in [24], when homogeneous media are considered, g,
and o,, vanish inside Q; and Q,,. Instead, the presence of g
inside conductive media is a sensitive issue widely discussed in
[44]. However, from an engineering point of view, g, is almost
negligible for the whole frequency range.

The above PEEC formulations (Amperian and Coulombian) are
obtained from the full Maxwell’s equations and thus these
conditions (i.e. the vanishing of o., ¢,, and g,,) are implicitly
satisfied by (55) and (73), but not in a numerically strong sense.
As mentioned in [21], when a VIE is solved for homogeneous
media, the solution will be close to the exact one but the volume
charge densities g, and g, will not be exactly zero inside Q4
and Q,,, particularly for mesh elements close to the boundaries
[; and T;,,. Anyhow, this generally does not particularly affect
the global quality of the solution, but in principle could be an
issue when high accuracy is required. In section IV, a solution
to strongly impose these conditions is given.

When inhomogeneous media are considered instead, the
discretization process should be slightly modified as proposed
in [24]. Two different kind of inhomogeneous media can be
defined: 1) &, and u, are piecewise continuous functions, and
2) &, and u, are continuous smoothly varying functions in Q,
and Q,,. When the inhomogeneous medium is of kind 1), J. and
Jm have a discontinuity on the surface I'* which divides the two
regions with different value of &, and w,.. Thus, surface charges
¢. and ¢, appear on I'*. However, the Whitney face elements
adopted for the expansion of J, and J,,, impose the continuity of
the normal component. Instead, when the medium is of kind 2)
the above PEEC formulations can still be used unmodified,
taking care of evaluating the entries of the constitutive matrices
with the value of p, and p, varying point-by-point.
Alternatively, case 2) can be considered as a particular case of
1) by following [24].

For the sake of conciseness, the whole discussion is only
summarized here and more details can be found in [24].
Following the circuit interpretation, inhomogeneous media are
treated by replacing each circuit branch representing an
interface face with two distinct branches connected to two
floating nodes as exemplified in Fig. 5. The two floating nodes
can be merged into a single interface node or remain distinct
and considered as regular boundary faces. For both cases, each
one of the two distinct branches can be represented by means of
the traditional PEEC elementary circuit cell: one circuit node is
the interior node placed in the barycenter of one of the two
tetrahedral/hexahedral elements sharing the interface face,
while the second circuit node coincides with one of the two
floating nodes that can be merged into a single interface node
or remain distinct.

Finally, it is worth noting that the above discussion does not
consider the case of magnetic media for the Amperian PEEC
method. However, the inhomogeneous magnetic media can be
considered with the Amperian PEEC method by performing
adjustments of the discretization scheme similar to the above
ones [13].

E. Total Divergence-Free Currents Approach
A different approach for treating inhomogeneous media is the

one first proposed in [19] for conductive and dielectric media
and then extended to magnetic media in [25].

Fig. 5. Handling of inhomogeneous media: discretization adjustments.

Such approach introduces the total divergence-free electric and
magnetic currents, i.e.

& =Je + iwgE, m = Jm + i0poH, (82)

as unknowns of the EM problem. These currents are
divergence-free for both homogeneous and inhomogeneous
media. Thus, no particular care must be taken when
inhomogeneous media are considered and no extra unknowns
must be considered.

The drawback of this formulation is that, when J°t and Jt°t are
considered as unknowns, the inductance and potential PEEC
matrices depend on frequency dependent material coefficients.
This formulation offers a circuit interpretation similar to the one
of the Coulombian PEEC method.

However, when frequency sweep problems are considered, all
matrices must be updated for each value of the frequency.
Moreover, the coefficients of the potential matrices depend on
the gradient of the Green's function, which exhibits a strong
singularity which must be properly handled.

In the PEEC methods that use the currents and the
magnetization as unknowns (i.e. J., Jm, and M) the inductance
and potential matrices have useful numerical properties, i.e.
they are related to the concepts of magnetic and electric energy.
In this particular PEEC method, instead, because of the
dependence of the integral matrices on the material parameters,
these properties are less evident, since the inductance and
potential matrices depend on the material properties of the
media involved. However, this formulation is very general and
allows for efficiently simulating complex EM devices in which
inductive and capacitive effects are both significant, such as L-
C-T components, as shown in [25].

IV. SOLUTION OF THE PEEC SYSTEM OF EQUATIONS:
NUMERICAL STRATEGIES AND ISSUES

In this section, some numerical considerations concerning the
PEEC systems of equations and different solution strategies are
presented. For the sake of simplicity, most of the discussion is
carried out considering conductive media only. However,
equivalent considerations also apply in the case of dielectric and
magnetic media.

A. PEEC System of Equations

In section 11, the PEEC system of equations for conductive
media only is presented in three different forms: 1) in (25) both
currents and potentials are considered as unknowns, 2) in (26)
both currents and potentials are considered as unknowns and the
inversion of the potential matrix is avoided (losing the
symmetry of the system), 3) in (27) only the currents are
considered as unknowns leading to a more compact system.



Systems (25) and (26) (and also the more general (55), with the
third row scaled by iw, and (73)) show good conditioning and
do not suffer of breakdown in frequency. However, the large
dimension of these systems leads to an interest in writing them
in a more compact form, i.e. by using a reduced number of
unknowns.

For this reason, when memory requirement is actually an issue,
the more compact system (27) (obtained by means of the Schur
complement approach) becomes more attractive. However, (27)
suffers of a severe numerical issue which is due to the different
scaling of the inductive and the capacitive term with w, leading
to the well-known breakdown in frequency issue.

However, as discussed in the next section, the breakdown in
frequency issue can be avoided by using the well-known loop-
star decomposition technique.

B. Change of Basis Technique

The final PEEC system of equations derived from the
discretization of the Amperian and Coulombian formulations
correctly enforces the EM properties of the unknowns, but not
in a numerically strong sense. Indeed, the final discretized
equations are obtained from the full Maxwell's equations;
therefore, all the EM effects are considered. However, due to
the discretization scheme, some of the properties of the
unknowns (e.g. the divergence of the currents) are imposed by
the integral matrices, which are affected by unavoidable
numerical approximations.

As discussed in section I11.D, the numerically weak imposition
of the EM properties usually does not affect the global quality
of the solution, but can in principle be an issue when high
accuracy is required or when the actual distribution of the EM
fields is important. Moreover, when some specific property
need to be enforced (e.g. solenoidality), it is possible to adopt a
change of basis in order to strongly impose such property and
also reduce the number of the unknowns, i.e. the dimension of
the final system to be solved. Furthermore, the loop-star change
of basis technique can be adopted to avoid the problem of low
frequency breakdown. In the following, this topic is only briefly
discussed and interested readers can refer to more specific and
exhaustive works in literature, e.g. in [32], [45].

The electric current density column vector j, (or equivalently
jm) can be decomposed as

j, =M. + M, (83)

where M° is the loop matrix, jo is the column vector of

independent loop currents, M* is the star matrix, and j is the
column vector of independent star currents. The loop and star
currents are defined as particular linear combinations of j _(i.e.
the columns of M°® and M™) as discussed in [32] and [45].
Matrices M°and M* must satisfy M*TM° = 0. M°and M* can be
easily evaluated starting from the curl and divergence incidence
matrices, respectively. However, when non simply connected
domains or domains with cavities are considered, some
particular care must be taken [19], [46]. By substituting (83) in
(27) and projecting the resulting equations by means of the
change of basis matrix Q = [M°,M*], the following system is
obtained:

M°T[R + iwL]M° M°T[R + iwL]M*

M'T[R + iwL]M° M*T[R + ioL + - Go P GEIM" |
M°T

l [ ext ) (84)

*T
M ext

In the system above, the capacitive term is only present in the
matrix block (2,2). Indeed, due to the properties M*TM° = 0
and M°TGg, = 0, the capacitive term vanishes in all other
matrix blocks. One can notice that in the (2,2) block of (84),
there are still two terms which shows opposite behavior in
frequency. However, the term M*TLM* is much less significant
compared to M*TiGQCPeGsTkM* and, when the frequency is
low, it can be also completely removed (indeed, it models the
negligible inductive effects due to the star unknowns).

Finally, by scaling the second row of (84) by w?uyé&,, the
breakdown in frequency issue can be removed and (with a
further scaling of the polarization currents) the problem can be
solved down to w = 0.

Obviously, a completely equivalent procedure can be applied
when magnetic media are considered in the Coulombian PEEC
formulation. Thus, thanks to this change of basis technique, a
system of almost the same dimension of (27) (much smaller
than (25) where the scalar potentials are kept as unknowns) can
be adopted also for the study of low frequency EM problems
avoiding the breakdown in frequency issue.

Finally, it is worth noting that when for some physical reason
the divergence free condition V - J, = 0 and J. - n = 0 must be
strongly enforced (i.e. no volume or surface charge is present),

the star matrix M* and the star unknowns j are not needed
anymore. Instead, when V- J. = 0 only must to be enforced

(i.e. no volume charge) M* can be properly reduced and the jx
related to the volumes of the mesh can be neglected.

In conclusion of this paragraph, when the Amperian PEEC
approach is adopted the above discussion can be obviously
applied to j.. For the magnetization, instead, different
considerations can be made. From Maxwell’s equations, when
homogeneous magnetic media are considered, following
equation holds:

VXM= (Hr - 1)(](: + iSOSrD)- (85)

From the above equation, it is clear that when the frequency is
relatively low and the magnetic media is non-conductive, the
curl of the magnetization is almost zero and thus J, = 0.

This means that M can be written as M = V{5, where {s is a
scalar potential in Q,,. Thus, from a discrete point of view, the
column vector m can be written as:

m = Gon, (86)

where @ is the column vector of the DoFs corresponding to s
on the nodes of mesh (except one for each sub-region,
considered as reference). Therefore, (86) can be applied to the
third row of system (55) and Gg,, can be applied to project the
new matrix equation onto a new set of linear equations. Thus,
when non-conductive homogeneous magnetic media are
considered, the property J, =V XM = 0 can be strongly
imposed by using (86), which also reduces the number of
unknowns and improves the sparsity of the magnetic equation
in (55).

C. Solution Strategies

The PEEC system of equations can be solved by using different
strategies, the efficiency of which depends on the characteristic
of problem to be solved.

In the 70s, when the PEEC method was first proposed, due to
the limited computing power, the studied systems were mostly
small interconnects or PCB traces discretized with very coarse



meshes. Indeed, at that time the main interest on the PEEC
method was the possibility to couple the (full Maxwell) EM
problem with circuit problems (even very large ones) consisting
of lumped components with limited connectivity between ports.
When this kind of problems is considered, since the final
(coupled) EM-circuit problem mainly consists of lumped
components, it is natural to consider the problem in the context
of electric circuits, rather than the one of EM fields. Thus, the
most natural way to solve the final linear system is to adopt a
Spice-like solver.

Typically, the input required by this kind of solvers is the net
list of the electric circuit to be solved and then the problem is
written in Modified Nodal Analysis (MNA) form and the final
system of equations is actually assembled by the software itself.
In most of cases, the connections between the components are
limited, thus the resulting system of equations is very sparse
(possibly very large). Indeed, the solvers adopted in Spice-like
software are usually sparse direct ones, e.g. T. Davis's KLU.
Therefore, when this solution strategy is chosen, the final PEEC
system of equations to be solved is (40) (or (55) and (75)
complemented by the lumped components for the case of the
Amperian and Coulombian methods, respectively). Actually,
the net list of the equivalent circuit (obtained from the
discretization of the PEEC method coupled with the lumped
elements) must be constructed and the resulting file is the input
of the Spice-like software.

One of the main advantages of the use of a Spice-like solver is
that many passive and active circuit component models are
already implemented in the Spice software. Thus, the user can
use them as black box components during the construction of
the net list, which is a very attractive feature for some kind of
applications.

As already stated, it is worth noting that (55), derived from the
Amperian method, is not directly suitable to be written in MNA
form. Indeed, the magnetic domains cannot be represented by
means of the traditional PEEC elementary circuit branch and
thus they must be further handled. Instead, the Coulombian
formulation presented in section 111.C proposed in [24] and [25]
offers the same circuit interpretation of both electric and
magnetic domains by means of the traditional PEEC elementary
circuit cell (Fig. 4).

In [31] and [47], different ways to construct the net list from the
equivalent PEEC circuit are shown. However, as clearly stated
in these works, with the nowadays available computing power
the application of an MNA Spice-like solver to the final EM-
circuit system of equations is actually feasible only when the
discretized objects are represented by a small number of
equivalent electric branches (a few hundred). Indeed, the
equivalent circuit components obtained from the PEEC
discretization are fully mutually coupled. Thus, with the
increase of the number of mesh elements the sparsity ratio of
the systems decreases and the efficiency of sparse direct solvers
drastically drops. Moreover, most of the Spice-like solvers
allow a limited number of mutual connections between the
lumped components. Furthermore, when many mutual
connections are considered, the net list itself requires a
considerable amount of disk space and reading time, which may
dominate the total simulation time.

Finally, it is worth noting that both frequency and time domains
simulations can be performed with Spice-like solvers by using
the same equivalent circuit (i.e. the same net list). The ©-
method or other traditional numerical schemes can be adopted
for the time domain simulations. However, when the dynamic
Green's function is adopted (7) (i.e. retardation effects are
considered) time domain analysis cannot be performed with
traditional Spice-like software. Indeed, the Marching On-in-
Time (MOT) scheme can be applied to the PEEC method in

order to perform transient simulations considering the time
delay effects in the propagation of the EM fields. A MOT-PEEC
method based on the standard discretization scheme has been
presented in [48] for conductive and dielectric media, while an
unstructured MOT-PEEC method for conductive, dielectric,
and magnetic media has been presented at the latest Compumag
and is now submitted to the IEEE Transactions on Magnetics.
With the massive increase of computing power and available
RAM for standard workstations, the interest in performing
increasingly complex and computationally expensive EM
simulations has risen steadily. For applications where the air
meshing is computationally expensive or incurs in robustness
issues, integral equation methods may be preferable to the
Finite Element Method (FEM). The PEEC method offers all the
advantages of the integral equation methods together with a
useful circuit interpretation of the EM problem. Thus, when
complex EM devices are coupled with lumped circuit
components, the PEEC method becomes an attractive approach
for their study. Because of the arguments stated above, when
the meshing of the EM devices requires a relative high number
of equivalent circuit branches, it is convenient to consider the
problem in the context of EM fields, rather than electric circuits.
Thus, since MNA Spice-like solvers cannot be efficiently used
for the solution of coupled EM-circuit PEEC problems,
different solution strategies must be adopted.

When the storage of the system matrix is not prohibitive in
terms of memory consumption, (55) and (75) can be solved by
means of a direct LU decomposition of the matrix. It is worth
noting that, since the system of equations is symmetric (or can
be symmetrized), only the lower triangular L matrix of the LU
decomposition must be evaluated. The ZGESV routine of
LAPACK (also present in the optimized Intel Math Kernel
Library) can be adopted for an efficient solution of the final
system of equations by means of the LU decomposition.
However, since the computational cost of the LU
decomposition requires ~ N3 floating-point operations (where
N is the system dimension), it is convenient to operate on a
system of equations of the smallest possible size. Therefore,
when the LU solution strategy is embraced, the more compact
systems (27) and (84) are more attractive.

In recent years, the interest in using less demanding iterative
solvers for the solution of the final PEEC system of equations
has increased [12]. Indeed, the final purpose is to provide a
method which allows for an (accurate) approximation of the
solution with a computational cost reasonably smaller than the
one required by the LU decomposition. However, good results
can be obtained only when an appropriate preconditioner is
adopted, which is currently a very sensitive issue. Interesting
results and discussions have been presented in [12] where
different preconditioning approaches have been investigated for
different PEEC formulations. In the literature concerning
Volume Integral Equation methods, the sparse resistive
matrices are usually adopted as preconditioners [49], [50].
However, all these solutions are far from being general
solutions and more sophisticated preconditioning approaches
should be adopted [51]. For instance, incomplete-LU (ILU)
preconditioning has been investigated in the literature in the
context of scattering problems [52], [53].

The topic of robust and efficient preconditioning is still largely
open and a completely general solution is probably not possible
since the numerical nature of the final PEEC system of the
equations is highly problem dependent.

Beyond the problem of the computational cost required for the
solution of the final system of equations, the storage of the full
matrix itself is a sensitive issue which must be considered. For
all these reasons, from the perspective of the authors, the
preconditioning topic should be investigated in the framework
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Fig. 6. NFC Antenna, PEEC model and mesh.

Fig. 7. NFC Antenna, detail of the PEEC model and mesh for the
conductive copper trace.

of low-rank approximation techniques which allow the
reduction of the memory requirement [3], [54].

The application of low-rank approximation techniques coupled
with iterative solvers to solve PEEC systems of equations has
been examined in different works. Indeed, for problems of
practical interest, low-rank approximation approaches are often
mandatory. Thus, iterative solvers combined with appropriate
preconditioning techniques are actually useful only when
combined with low-rank approximation methods, which allow
to compress the matrix down to some percent with respect to
the full one [55].

V1. NUMERICAL RESULTS

A 3-D code based on both the Amperian and Coulombian PEEC
formulations has been developed with MATLAB® for the
system assembly and data handling, while MEX-FORTRAN
functions combined with OpenMP libraries have been adopted
for the computation of the matrix coefficients and post-
processing. Both tetrahedral and hexahedral elements are
supported. Furthermore, both external EM fields and lumped
elements can be considered as sources.

All simulations were run on a Linux machine equipped with
dual 6-core/12-thread processors (Xeon E5-2643 v4
@3.40GHz) and 512 GB RAM.

The case of a real NFC antenna operating at f = 13.56 MHz,
shown in Fig. 6 and Fig. 7 is considered [26], and results
reported in this section are also presented in [24]. The device
consists of a copper trace (6 . = 57 - 10° S/m, 35 um thick, 1
mm wide) placed on a FR4 dielectric substrate (e, = 4.3). The
coil has outer dimensions of 30 mm x 17 mm, while the FR4
substrate is 61 mm x 52 mm wide, with a thickness of 1.35 mm.
A ferrite foil (u, = 163, 40 mm X 27 mm wide and with a
thickness of 100 um) is placed on top of the copper trace in
order to reduce the detuning effects due to eddy currents.

The device is discretized with hexahedral elements and a
lumped voltage source is connected to the quadrilateral faces
that discretize the terminals of the conductive antenna by means
of short circuit branches.

TABLE |. EQUIVALENT IMPEDANCE OF THE NFC ANTENNA.

Zeq mod.1 [Q]

Zeq mod.2 [Q]

Measured 0.46 + i55.39 0.36 + i34.82
Coulombian PEEC 0.45 + i55.18 0.37 + i34.39
FEM 0.44 + i55.06 0.36 + i34.46
IE 0.33 + i57.65 0.33 + i35.52
Amperian PEEC 0.39 + i35.93 0.37 + i34.39

Table | shows the values of the equivalent impedance
Zeq Obtained from the Amperian and Coulombian methods
which are compared with measurements [26], with the values
obtained from COMSOL® (a well-known FEM software), and
a well-known commercial software (IE) based on IEM. For this
study the device was modelled both with (mod.1) and without
(mod.2) the presence of the ferrite foil.

It can be noticed that the results obtained from Coulombian
PEEC are in good agreement with measured values and that the
proposed PEEC method well identifies the influence of the thin
magnetic foil on the value of the active losses (i.e. real part of
Zeq)- Conversely, Amperian PEEC seems not to provide an
accurate value of Z,,. This behavior often emerges when thin
magnetic objects are placed very close to conductive media. As
noted also from other simulations, this is probably due to a too
coarse discretization of the magnetic foil along the thickness
direction and to the numerical issue discussed above for media
with high permeability values. However, in order to allow a fair
comparison between the proposed and the traditional PEEC
methods, the same mesh and the same precision for the
evaluation of the matrix coefficients were adopted for both
Coulombian and Amperian methods.

Fig. 8 shows the magnitude of Z., in the frequency range
computed by the Coulombian PEEC code and the commercial
software.

Furthermore, the electric and magnetic fields produced by the
device along an ellipse surrounding the NFC antenna are
evaluated and compared with the results obtained from the FEM
code and results in terms of the (complex) magnitudes of the
magnetic and electric fields are shown in Fig. 9.
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Table 1, Fig. 8, and Fig. 9 show a good agreement between the
results obtained from the implemented Coulombian PEEC
code, measurements, and the commercial software.
Concerning the computational cost, the model adopted for the
FEM simulations consists of a large number of elements since
very thin volumetric objects, such as the copper trace and the
magnetic foil, are discretized. Fig. 10 and Fig. 11 show a detail
of the mesh adopted for the FEM model, which consists of ~
6.2 - 10° tetrahedral elements and 5,508 prisms (for the
Perfectly Match Layer condition), leading to ~ 39.3- 10°
DoFs. The solution of the problem, with a FGMRES solver with
a relative tolerance of 10~7, required 4,230 s of simulation time
with a peak memory usage (PMU) of 235 GB.

On the hand, the Coulombian PEEC method required a
relatively small number of hexahedral elements for the
discretization of the conductive, dielectric, and magnetic
domains. In particular, a very coarse mesh consisting of 322
conducting, 1,374 dielectric, and 2,852 magnetic hexahedral
elements was sufficient to attain a very good accuracy in terms
of the produced EM fields. Indeed, concerning the evaluation
of the EM fields, one element carrying a (mean) value of the
conduction current density was sufficient for the discretization
of the cross section of the copper trace. The total number of
DoFs of the assembled system was 17,335. Since only
homogeneous media were considered, the change of basis
procedure discussed in section IV.C (without volume star
currents) was adopted, leading to 12,789 DoFs for the system
to be solved in the reduced basis. The simulation time was 98 s
with a PMU of 10.7 GB. On the other hand, the accurate
evaluation of the real part of the equivalent impedance (related
to the power losses) required a larger amount of elements for
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Fig. 10. FEM mesh of the NFC antenna.

Fig. 11. FEM mesh of the NFC antenna, detail.

the discretization of the copper trace, since it was necessary to
obtain a good approximation of the correct distribution of the
conduction current density vector, which is strongly affected by
proximity effects. Thus, the model adopted for the Coulombian
PEEC code for the evaluation of Z,, consisted of 6,480
conducting, 1,374 dielectric, and 12,060 magnetic hexahedral
elements, leading to a total humber of 81,059 DoFs for the
assembled system, 59,669 for the system to be solved, a
simulation time of 4,817 s, and a PMU of 56 GB. The PEEC
system was solved with an LU decomposition.

In the case of the commercial IE software, since lumped voltage
sources can only be applied to interior edges of surface models,
an equivalent surface model has been adopted for the copper
trace and the two terminals of the antenna have been physically
connected. The computational cost has been comparable with
the PEEC one (coarse case). However, probably because of the
use of an equivalent surface model, the real part of Z,, seems
not to be influenced by the presence of the magnetic foil, even
when finer meshes are adopted, which is an issue if the focus of
the simulation is on the losses.

Instead, with the 3-D Coulombian PEEC code, volume models
can be naturally connected to lumped circuit elements allowing
the proper evaluation of the losses of the NFC antenna, which
is an important quantity to be considered during the design
process.

Finally, to demonstrate the applicability and efficiency of
compression techniques for the solution of the PEEC problem,
the HLIBPro library, based on H? matrix representation and
ACA, has been coupled with the Coulombian PEEC code to
solve the NFC antenna problem, as proposed in [3].

The compression tolerance and the admissibility value (see [3]
for their definition) are €4, = 1077 and n = 2, respectively.
This, with respect the computation cost of the PEEC method
(finer case) given above, lead to a ~ 6.8% compression ratio
for the storage of the compressed system (i.e. down to 3.8 GB
from 56 GB) and a computation time of ~73 s for the
construction of the compressed system. The construction of the
H-LU, obtained by imposing the same tolerance 4., = 1077,
required almost the same memory and time required for the
construction of the compressed system. Finally, the GMRES
solver preconditioned with the H-LU only required 7 iterations
and ~12 s of computation time (for a total simulation time of
155 s vs. 4818 s without low rank approximation). The error
obtained in the final solution, with respect the one obtained
from the uncompressed system, was ~ 0.73%.

V1. CONCLUSIONS AND OUTLOOKS

The Partial Element Equivalent Circuit (PEEC) method, deeply
rooted in (Volume) Integral Equation Methods, is by no means
novel, however, fairly recent extensions to more general
materials and extended frequency range, and advances in Low
Rank Approximation approaches are spurring increasing
interest. Due to these advancements in generality and
efficiency, PEEC is starting to become more of a general-
purpose tool and less of a niche technique. In the context of our
research group, we plan to apply PEEC to the study of several
electromagnetic devices of automotive interest, including
Wireless Power Transfer ones, and to the study of complex
devices of interest in the Nuclear Fusion community.

It is our belief that PEEC will further become a mainstream
numerical technique for the solution of challenging engineering
problems and that it will remain relevant for the Compumag
community in the years to come.

Sample codes are available at
https://github.com/UniPD-DII-ETCOMP/DenseMatrixMarket
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