COMPUMAG 78 — Conference on the

Computation

of Magnetic Field — Grenoble — 4, 6 Sept. 1978

ON SOME EXPERIMENTS WIEH TIME DISCRETIZATIONS
*
0. Axelsson
CERN, Geneva, Switzerland

ABSTRACY

Different questions related to the numerical solution of paraholic
equations have heen studied': i) the choice of the value 0 in the
O-method, 1i)} the number of iterations in the solution of alpebraic
equations with matrix of the form H +k{1-0)K, H mass matrix, ¥ stiff-
ness matrix, both For linear and for non-linear problems.

1. MODEL PROBLEM

In order to investigate some numerical methods for the non-stat ionary
electromagnetic field equation, we consider a model problem,

du

S 5 .
ﬁ = a)(i [a(lvul ) axi] + [(x.t,u) v xefl cR (l'l)

where a : R+ R, Tor notational simplicity we assume that the hound-
ary conditions are n = 0, u € M. We assune a coercivity relation”r

az) + min {0,2%}(2}1—11T1%(11)} 2 6>0, xe R, (1.2)
2

where z = qu] and where yp = 1 (Q,~A) is the smallest eipenvatue

of the Laplacian operaltor (-A) on R or a positive lowet Hound there—

of. We also assume that a and f are twice continuously dilferentiable

with uniformly bounded derivatives.

This problem is discretized in space (R? or R} by some finite ele-
ment approximation and in time by the simple @-method,

w(eek) - ult) = k%[(l-ﬂ}u(uk)mu(t)] , 0081,

The time-step k may be varied during the time-intepgration, amd nsnal-
ty smatl steps are chosen during the transieat phase.

2. ASYMPTOTIC ERROR ESTIMATES
Assume Lhat the ficld equation (1.1} is approximated in space by some

finite clement methed. This results in a system of ordinary differ—
ential equations on the variational form

(ut,v} + (a(qu]z)Vu,Vv) = (£Cu),¥) VveES, . (2.1)

where Sy is a subspace of ity = {us fanulz dx < oo, u = 0 on i) N
flere (u,v) = Iﬂ uv dx.
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That (2.1) is equivalent to a system of N ordinary differential equa-
tions is made cleat by letting v = ﬁ’ = 1,2,...,0, the [inite ele-
ment basis funections, and u{t,x) = $1=1 ui{t)p; (x), where Su = ST'AN
{¢1,¢2,...,¢N]. If we have chosen Lagrangian finite element fune-
tious, then uj(t) are the values of w(t,x) at the nodal points.

In order to get a full discretization, we will use the so—called

0-method, where i, 0 50 £ 1 is a parameter. There are two versions
of this method {Tor tinear problems, they are however equivalent).

(e -H(E) V) + K (1=0) (a (JTUCE4K) | HTUCLaK) 0] +

+ k0(a(vuCe) ) WuCe) v = (2.2
= k((l-ﬁ)E(U(Hk))-mf(u(t)),V) VVE S,
and
(u(t+k)-u(e) ,¥) + k(a(jvii(e) | HHIVE() V) =
KR, VY E S (D
where

Uty = (1-0)u(esk) + OUCE)

For 0 = %, the first method is nothing but the trapezoidal (Crank-

Nicolson) method and the second is the midpoint trapeznidal method® .
We will derive an asymptotic error estimate of the secomnd method. .
Since
Ltk tak
{u(e+k)-u(L),v) = f (u V) dt = f [[f(u),v) - (ﬂ(!VH‘z)VlI,Vv]] de
t t
we get from (Z.1)
(utri)-u(t),v) + k(o (9] e, ) - k(L)) =
(2.4)
= RB(u,Vu;v,Vv) Vv e SN N
where
ctk
2
Ry, Puiv, V) = K(a(|VB|IVE, W) - f (a(|Tu] )P0, W) at *
t
ek (2.5}
+ R(EG@),V) - f (£(u),v) dt
t



Let @{t) = u{t) - U(t) be the time-discretization error. By subtrac-
ting (2.3) from (2.4) we get with V = O(t),

(04E+1)-0(c),8(6)) + k(a(| VG| *yVi~a(|vD]*)v5,98) -

- K(E@-£(),8) = Ry (u,%38,79) .
However,
{a(]vu| *yva-a(|vD| ®)VE,98) ~ (£(5)-E(0),B) =
- (a(| 78] "378,v8) + (22 (|va}*-[95]*)va,08) - (2£8,5) 2 6]v8]* > o0,
where we have used the assumption (1.2} and the fact that

Wiy Vo' Vv = (Vv V)2 $ |Vu|2 |Vv|2 .

We have also used

(0,0) £ py' (-46,0) = p7'(v0,v0) .

Hence

(0(e+1)-0(t) ,B) +kslTBl* < Ro(u,vu;8,v8) . (2.6)
We have
ttk t+k

f glv(s)) ds - kp(v(s)) = J- glv(s)) ds - kg(%{v(t+k)+v(t)]) +
t t

- 2
+ kgl v () +v(e) ) - a(v(s))) = 0(k?) Idt-z glv(t)) - w-e)kz%%-g—‘; .

llence, since a and t are twice continuously differentiable, by Cauchy-
Schwarz inequality, we get from (2.5) and (2.6}

(OCe+k)-0(£),8) + kslIvBI" < o™ o0+ rmer0 () + K fvdll”
where C depends on § and p, but is independent of k. So
(0Ce+)-0(6),8) + 52 Il < 00d (o +4-0F
An easy calculation shows that

(0Ce+)-8(1) ,B(0)} = YLllece+k) 1P+ (1-20) | BCesk)-0(0)] 2-Hoe)]| 2]

and
8ol = -oyfleceroll* - (-yofioce+-ocel® + ellocell”
jlence
C1+ks’ -0y Jllocell” + peoyliece+o-a(e)l® <
< [1-ks ool ® + o (k) +4-6F
where

8(0) =1 - 20 - k&' (1-0)0 , 8§ = s .

We now choose 0 such that

p(e) 2 0
Hence 0 < § £ % - |0(k)| and our final result is
tfk
loteroll”  o/** fol* « T o T ow® 0y,
j=e

where o = [1—k6'0]/[1+k6'(1—0)] < 1. The initial errer &(0) = 0 il
U(0) = u(0). Uence, if & = % = |0(k)| we have

lutey=u(ed]| = ok? , k*+0, Lt>0

This is the same asymptotie error estimate as for the Crank-Nicolson
method, where 8 = %, but for the latter method the error estimate is
not valid for all t, unless one imposes a restrictiom of k as a func—
tion of N. The above error estimate is however only an asymptotic
error estimate valid as k + 0 and assumes that there are no transients
in the solution. It will follow that in the initial (transient)
phhase, one has to choose 8 well below %, in order to be able to

damp out these transients in the numerical solution.

3. CHOICE OF ©

In order to study the influence of 0 on the actual error, we confine
our study in this section to the simple linear problem

2
fu §~E-, x « (0,1} ,

u{e,0) = u{t,1 = 0 , t>0, u(0,x) = ug(x)



By semi-discretization (in x)} we get the system of orvdinary differen-
tial equations

M %% + Xu =10, t>0, u(0) = up , (3.1)

where M = [(éi,¢.)] is the mass matrix and K = E(¢f,¢f)] is the
stifFfness matrixy In the numerical solution of (BEl)Jhy the 0-method,
we hiave

[+ (-0 k] uCerk) = QE-koK) UCL) , t = 0,k,2k,... U(0) = Uy
(3.2)

As is well known, the eipgenvalues f of the matrix
-1
[H#k(1-00Kk] ™ (M-KOK)
whiclk by similarity equals those of
ey — - - L )
L+ (1-00%] ™' (1-kof) B=nign® |

hhave to be £ 1, in order that the method is pumerically stabte. Let
Aq’ q=1, 2, ..., N, be the cigenvalues of K, Then

1]

n

g " PR = (l.-ﬂk]\q)l[H(I—U)kAq]

Since 10([)] <A S 0(N?), we see khat we have an unconditionally
stable method {i.e. stable for all ¥), only iF 0 £ 4. lLet Z be the
orthonormal eigenvectors of K and let 1

T
ug =W =)ec Z that is let ¢ = Uy 7 .
07 U =] q “q° a "

Then
il N

) = X - tlke
ut) QZ] cq exp( qL) Zq N ude) qgl r:q pq q

For the error

E(ik) = u(ik) - u(jk) ,

we pet .
5 { 3 = - - A N
E(jk) 2-1 cq LexpCiA -0 ) e s 2y
‘f (1.3
-1 L
c= ) -3 k(j-1-% .
cqJ [exp( Aqk(j 1 ))] nq

f=0

Since cqj = 0(1), k + 0, and since kA, > 0, a simple strategy to pet
a small error component for all eigenvalues would be to choose {0 such
that

min max Iexp(—l)—n(ﬂ,l)l .
0 A0

is achieved. Then one pets 0 = 0p = 0.122. llowever, this does not
toke the other {actors into account, in particular the Fourier coef-
ficients c,, which in practical examples decrease with increasing Aq4.
The rate of dectease of |cq apparently depends on Che smoothness 0%
the initial function, For a Function ug not satisfying the boundary
conditions, we have an initial discontinuity, which leads to a slow
docrease of ¢, with g, DBecause of the exponential smoothing in u,
the higher moaes are damped out quickly however in the exact solu-
tion. To have them damped put quickly in the approximate solution
U{t) we shiould choose 0 close to 0. However, since the smaller modes
have to be approximated reaspnably well, which is done best with

0 = %, the optimal value of 0, making the total error as small as
possible, lies in the open interval (0,%). We also realize that this
vilue will be larger for a swoother [unction than [or a less smooth
function. This is confirmed by numerical tests'. The optimal value
of 0 varied between 0.13-~0.40. ilowever, the optimal value increases
with j. This is so because for a fixed time tg, the eflective
Fourier cocfficients ave [see (3.3)] .

A

Eq " €, exp ["(I"E)Aqtu] y 1

1%24as , €= ¢elqe)
corresponding to a problem with smoother initiat fumction. The
terms corresponding to the hipbest modes are small anyway if 0 < k,
because

. i
foe, 0]~ I[ﬁ—f—f] | <1, PR

From the discussion it Follows that a pooed peneral strategy seems to
be to choose © * % for the firat, say 5-10 integration steps. Then
one lets 8 = % - ]0(k)| for the remaining steps, in order to get the
asymptotic error 0{k?).

4. SOLUTION OF LARGE SPARSE SYSTEMS OF LQUATIONS

At each step of the O-method, we see from (3.2) that a peneralty
large sparse system of algebraic equations, of the form

Hucesk) = glt)

where M = M + k(1-D)K, has to be solved. In order to preserve the
sparseness, which is crucial in particular for three {space} dimen-
sional problems, an iterative methed, like the conjugate gradient
method®+®, can be applied. The rate of convergence of this method
ig determined by the smallest number %, Lor which



where ¢ = [l'“#U]?Uo 1/[14~¢u17u@], 1 and Jp are the extreme eigen—
values of M, and € is the relative accuracy demanded. An upper
bound for & is

2=int{l 1n —+1}.
2 ul

For not too large values of the condition number jg/u;, and 1/e,
this estimate is too pessimistic and should be replaced by

2= int {1:1 [%» /Eiz—i]/ln%+ 1} .

In particular, in the present context, the matrix M has a fairly
small condition number for all N, since M hias a spectrum bounded by
numbers independent of ¥ and since the factor k makes the eigen—
values of the second term smaller, In particular, if k = 0(h®),
where b is_the finite element average mesh size, then the conditien
mumber of M is bounded by a number independent of N, Hence the
conjugate pradient method makes the 8-method effectively an expli-
ett time-integration method, in the respect that the number of
operations per step is omly @(N). This is discussed at some length
in Ref. 1. In particular, ome finds that in a model two-dimensional
problem, the eigenvalues ave clustered best for k * % h%., The
number of 1teraL10ns was only two or three for a relative accuracy
of & = 107, meaning a work of about 30 to 45 multiplications and
additions per unknown.

8inee in a time~dependent parabolic problem, we already have a good
initial approximatieon at a new time-step, we do not need a particu-
larly small relative accuracy.

In order to increase the rate of convergence further, which is of
interest in the smooth region where k is usually G(h) [and hence®s®
the number of iterations O(h'i)], we may use a preconditigned ver-
sion of the method., Then one works with pseudoresiduals r, defined
by

. r o= HUCE+k) - g(t) .

The simplest choice of the preconditioning matrix ¢ is the diagonal
pact of M, which helps teo scale down the effect on the condition
nunber of widely varying material coefficients. A more accurate pre-
conditioning matrix results if we let C be an approximate factoriza~
tion of M, Then G is chosen as the product of two triamgular
matrices, with as sparse, or almost as sparse, structure as the given
matrix. lence sparsity is still preserved and the number of opera—
tions per interative step in the conjugate gradient method is in-
creased only sllghtly Different choices of C are discussed in
various papers

Finally one cbserves that in a conjugate gradient method, the only

use of the given matrix is as a factor inm a matrix-vector multipli-
cation, Hence it is enougit to know the local small finite element

matrices. By a proper choice of the mesh, most of these are equal,
thereby implying a very small demand of storage.

Let us also mention that in the case of a periodic source function
it
E(x,b) = Fo(x) &

a linear problem

can be solved by a particular precounditioning technique, so that
complex arithhetic is avoided, and sparsity is still preserved., The
method is as Follows: Since u{x,t) = ug{x) el®t, we pet

- Eg— [a(x) Bqu + imug = Fy
i
which after discretization has the form
(Kriodiyug = Fg .

Let £1 = Re (Lq4), f2 = Im (fg}, uy = Re {up). Then we have to solve

(KM '"K+w?Mluy = KM Fy + wEs
and this can be done iteratively by preconditioning by the matrix

= (K+uM) B (R4udh) .

One can easily show®, that the resulting condition number of the
iteration matrix

CTl (RMT! ey

is < 2, Ffor all positive semi~definite matrices K. The linear
systems with matrix K + wM may be solved by a preconditioned con—
jugate gradient method as has already been described.

5, NUMBER OF ITERATIONS FOR THE NON-LINEAR PROBLEM

Let us now consider the non-linear problem (1.1). We shall study

the number of iterations needed at each time-step. Hence it suffices
to consider just one time-step 0 + k. The variational formulation

of (1.1) using the O-method (2.3) is then



(U)-u(0),v) + x(a(]¥0¢ | IV0,9) = k(E(@,V) vV eSS, .

It is easily seen that this expression is the gradient of the Cune-
tional

k) |2 il
f a(g)dr - f F(E) d,

1 ]

v
FUUGR) = 5 Iuo-uf +1—"_‘—f,»f 3
Q

and the solution U(k) will be the (unique) minimizer of this func-
tional. lence’ we may again apply a conjupate pradient iterative
method to winimize F, We may also use a Howtom method te solve
(5.1). 1t is however easily reslized’ that this latter method is
equivalent Lo successively approximate the functionmal F{U(k)) by a
quadratic [unchiopal based on the llessian makrix F” = N(Vii[”) of F,
evaluated at VO(E), 2 =0, 1, ..., the approximation found at the
previpus iteration. To solve for the minimizer of the quwrdratic
[unctional, we may apply a (precondikioned) conjugate gradient
method. 1If we use a preconditiouing of the conjugate pradient
method, the preconditioning matrix is uswally also based on the
flessian. Thus we see that there is a close relationship betwoen Lhe
Hewton methed and the preconditioned conjupate gradient mathnd.

However, siunce it is costly to re-evaluate the Hessian (second deri-
vative) matrix, one may instead use an approximation of it, derived
from having approximated a and E as locally coustant over each local
Einite element. Then one does not have to repeal the numerical
integrations. One may also divide the piven region into subrepions
and neglect updating of the local finite element matrices in calm
zones’, where only a minor change in the gradients and the solution
has occurved from previous iterative steps. Similarly, ene can nge
a modilied Newton method, where the Hessian is only partly updated.

One Finds' in the present context that even in a problem with a

high degree of non-linearity, the pumber of conjugate gradient steps
is not more than 3 or & times that in the corresponding linear
problem. At each conjugate gradient step, it was found that the
additional cost of making line searches, did not pay off. The num-
ber of Newkon steps was smaller, but since the cost of each Newton
step is equivalent to the number of conjugate gradient steps for a
linear problem, in gencral the Hewton method does not lead tn a2
smaller total computational cost, Only where the initial apprexima-
tion is so accurate, that the Hewton method only needs two or three
steps for convergence, will this method be more advantapeous.

One interesting result! was that in some cases, notabty when 0 was

close to %, the actual error in the numerical solution (which ron-

sists of a discretization and an itevation error), when making only
one Newton iteration, was smaller than the error after making fnll

itetation (when the itevatiom error is neplipible).

L.
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CALCUL TRIDIMENSIONNEL DES COURANTS DE
FOUCAULT DANS UW SOLIDE NON FERROMAGNETIGUE

J. C. VERITE
E.D.F. Etudes et Recherches 1 av. du Général De Gaulle
92141 CLAMART

HRESUME

Un solide parallétépipédique est soumis # un potentiel-vecteur
inducteur di i un circuit Electrique extérieur. Le solide est décom-
posé en cubes Eldmentaires, tous de mémes dimensions, sur {rs [aces
desquels la densité de courant est supposde constankte. La discrétisa- .
tion des &quations de Maxwell résolues par capport i la demsité de
courant fournit alors un systéme lindaire donk les inconnues sont
pour chaque face la densité de courant et pour chaque cube le poten-
tiel scalaire en son centre. Les problémes d'encombrement et de temps i
de résolution du systéme sont mis en évidence ainsi que les limites
d'une approche directe et globale d'un probléme tridimensionnel.

I. INTRODUCTION

La péométrie (fip.1) est constitufe d'un solide conducteur paral-
1élépipédique @. Il est non ferromagnétique. 11 est seul dans i'es-
pace avec un circuit €lectrique quelconque situé 3 son voisinage et
dont le seul rdle est de créer un potentiel-vecteur inducteur

. b a - * ]
sinusoidal au sein de . On se propose de trouver la répartitioun de
courant induit dans 1.

Fig. 1

2. MISE EN EQUATIONS

Soit a_ le potenticl-vecteur inducteur, a le potentiel-vecteur
global, j 13 densité de courant dans @, le potentiel scalaire et
d la conductivité de Q. e, b et h sont respectivement le chiamp &lec-
trigue, 1'induction magnétique et le champ magnétique. Toutes les
grandeurs &lectriques sont sinusoidales de pulsatiom w.

Dans {1 nous avons les é&quations suivantes :

rote + P2 = 0 (Maxwell) ()
roth = j (Maxwell} {2)
} = ge {Ohm) - (3)
b = rot a avec div a = 0 (Dé&finition du potentiel-

vecteur) (4)
divj = 0 {conservation de la charge &lectrique} (5
b = yh (6)

Les Equations {1) et (4) donnent @ rot {eo + %%) = 0
. soit e + %% = grad ¥

soit en régime harmonigque dans {0 :

iwa + U_Ij = grad ¢ (7
D'autre part, (2) et (6) donnent : rot rot a = Uj
Soit puisque diva = 0 :

da = - yj dans Q (8}

dont la solution formelle est bien connue
iwm

1]
a(x) = ET? .f;_l-[x_—yl- dﬂy + 30 (x) (9)

Pour calculer j dans 2, il nous Ffaut résoudre le systéme consti-
tué des &quations (5), (7) et (9).

3. DISCRETISATION DES EQUATIONS

Le solide est décomposé en cubes &lémentaives dw; sur les Eaces
fi; desquels la densité de courant Jjj sera supposée constante. On

cherchera alers 3 calculer la composante normale Jnij = jij de cette
densité de courant sur chaque face {fig. 2}.
T duag
{ J ' i)
, ; e
b
Fig. 2
""" - 7.3
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Soit nc le nowbre de cubes et nf le nombre de faces actives,
c'est-i—dire n'appartenant pas & la frontiére de @ sur laguelle
J. n= 0. L'indice i se rapportant aux cubes et 1'indice k aux Faces,
exgrimons a = a.n et j = J. n au centre des faces et ¥ au centre des
cubes.

L'équation (5) devient, pour i variant de 1 i nc :
i Jj1*S = 0 S Etant la surface de chaque face.
Cette &quation exprime que le flux total de densité de courant
sortant de chaque cube &lémentaire est nul.
Soit D &tant une matrice nexnf :
Dj =0 (10)
Pour discrétiser l'équation (9), il faut considérer que le sup-

port de la densité de courant ji de la Face k est un cube ck décalé
par rapport au maillage, centr& sur la face k {fipg. 3)

P >A
PR | PR |
! f
l’nrltﬂ'?{ﬂ' I L] Fr-lc_ek
! - | :
. * - (i |
LA P T E il | T
1 « T |
1 H [ R I S
1 3 + R
1 I 4
| PEYFY P
1 i
. T~
te N

{9) s'éerit :
£ Sy .
v O ily3) .nj
W09 m L e Tyl % e OO

Pour i # j, Mi et Hj &tant les centres des cubes décalés Ci et
Cj, on prend :

j {y.)en, i, MPD.n,.V
e ndin g, = 2 1y stant le volume d'un
1 Ixi - yj| ] [Mi 3| cube Elémentaire.

Pour i = j, 1l'intégrale est singulidre. On calcule une valeur
moyenne prise sur le cube :

§yp

)
v fog oy T—val %% %

L'intégrale intérieure est calculée numériquement par une formu-—
le 2 6 points et l'intégrale extérieure par une formule 3 9 points
ct-[ 2]

{9) devient alors, a, a_ et j étant des composantes normales
pour simplifier 1'exposé :

a=Gj+a iy

oll G est une matrice carrée nf x nf

Enfin dans 1'&quation (7}, il reste i discrétiser grady dont
les valeurs doivent 8tre prises au centre des faces. On fait grady.n
=%, — ., P, ctp. &tant les valeurs de w au centre des cubes
adjaéentsjﬁ 13 face considérée.

Soit iwa + 0—|j = Sy S matrice nf x ne (12)

(11) et (12) donment : iw (Gj +a) + o'y = sy

Soit (iuG + o-iI)j i RN 4k
Remarque

S j. gradepd + [ divi.pdQ = [ .j.n.do
1 f v} il an‘f

N étant la frontidre defl
Soit, puisque j.n = 0 sur 3% : jtStf+ WtDj =0

donc § = - Dt. transposée de — D

Le systdme d'équations discrdtis@es i résoudre est donc le
suivant

LI
j D Giwe v o D G+ Y = - dwa
pj = @

I1 s'agit d'un systéme lindaire complexe symétrique de dimension
nf + nc = n 3 nf inconnues j et nc inconnues §

B p "\ /§\ £
D oo flp/ o
4. RESOLUTTION DU SYSTEME

4.1, Difficult&s dues au caract@re tridimensionnel du probléme

Pour simplifier 1'exposé, supposoms que le parallélépipéde soit
un cube. Soit N le nombre d'intervalles de discrétisation suivant




chacune des argtes du cube. Le tableau suivant donne, en fonction de
M, 12 taille n du systéme 3 résouvdre.

N nonbre de faces nf nowbre de cubes nc n
12 8 20
144 64 208
10 2760 1000 3700

nf représente la taille de la sous-matrice H du systéme A résoudre,
I &tant complexe et ayant la structure suivante :

x ¢ 0
H=f o 1y o
o 0 Hz

ol lix représente les faces perpendiculaires & 1'axe des x. Nx, iy,
et llz sont symétriques, wais sont pleines et complexes., Dans le cas
H = 10 chacune d'elles est de dimension 900. La sous-matrice It est
trés creuse et pose meins de problémes. Héanmoins, on veit que pour
ce cas on a déjd trés largement dépassé les capacités de la méwoire
centrale (1000 K pour 1'IBM 370-168 sur laquelle cette &tude a &téd
effectude).

D'autre part, méme en employant une méthode it&rative pour 1a
résolution du systéme, pour laquelle on peut sans difficulté appeler
1a matrice en mémoire centrale ligne par ligne ou groupe de lipnes
par groupe de lipnes, des temps de convergence non prohibitifs voot
nous limiter i H inférieur 3 §0 comme nous allons le voir.

4.2 Description de la méthode jtérative utilisée

La structure de la matrice fait apparaitre un certain nombre de
termes diagonaux nuls. Ceci interdit i'emplei pour la matrice plobale
des méthodes habituelles de Gauss-Seidel, Jacobi ou de relaxation.

La méthode du gradient conjugué, qui donnec la solution exacte
en M itévations pour un systéme de dimension M, converge trop len-
tement au cours des premidres itérations.

En fait, les inconnues iy sont des multiplicateurs de Laprange
et nous avons adopté un processus itératif différent pour les j et
pour les ¢ , tenant compte de leur dissymétrie daus le systéue.

. L
- . Hj + Dy =1
t .
Le systdme peut s'écrire @ Dj = 0

Soit § = W 'E - '0% ouwnj =0 'E - i 05, qui est 1o

gradient de <H_1f, DtT > - % IIDH_'DtT |]2 , expression analopgue a
une énergie,

-t o

LY

' Dans ces conditions, nous allons utiliset une méthode de rela-

xation ponctuelle pour j et une méthode du gradient pour ¢ .

L'algorithme eat le suivant, ol o est le numéro de 1'itération
en cours, % 1'indice de ligne et k 1'indice de colonne. h, et doy,
gont les termes de H et D, leurs indices &tant rapporktés )

4 leur position dans la matrice globale.

Pour | ¢ & < uf ¢

A

ntl -1 n+i nf n  nf+ne n
h,oj = f - L hy,i T h,i - I d '\
282 k~1 'k P Tk k kenE+l ke 'k
n+] n “n+l n
et j!‘ = jz + w(if‘ - jE)

Pour nf < £ £ nf + ne :

ntl n

. o+l
Wy =0y - e

5. RESULTATS

Pour tous les résultats gue nous allons donner, @ est un cube
de ¢Bté L = 2,4 cm et le support du courant appliqué I est un anneau
¢ de rayon 2L centré au centre du cube. Les constantes &lectriques de
! sont celles de 1'atuminium. Dans ce qui suit les ar@tes de @ sont
dirigées suivant les axes Ox, Oy, Oz.

Le tableau suivant indique pour chaque cas &tudié la fréquence
du phénoméne, le nombre N de cubes &lémentaires suivant une aréte
de 1, le plan de C, les valeurs de w et p, le nombre d'itérations
HI, la valeur

m?xluz+|"a?|

i
E= pour n = NI (test de convergence)
* o
maxje, - o]
s J 3

J

et enfin le temps CPU

- e r————— Lt

C e r———



N°® essai | £H_ |plan de C w p € BI | Tcpu
1 4| 501 z = D2 1. |.07 |.25E~04 [88 | 32s
2 6] 50| z =0D/2 .4 .03 |.B5E~04 [88 |4mnlés
3 6250 z = Df2 4 .03 | 13E-03 |88 | 4mn 9s
4 6t 50| v = 2z 1. | .06 1.27E-02 | BB [ 4nnl2s
5 g8l s0] v - /2 .4 | .03 ].74E-03 |88 | 23mnBs

Les diagrammes suivants montrent les résultats obtenus en
prenant au centre de chaque cube #l8mentaire la moyenne des courants
mormaux au centre de chacune de ses faces.

Le plan de figure est le plan x0y. L'axe des z est en perspec-—
tive suivant x = y et som &chelle est dilatée pour qu'il y ait le
moins de chevauchement possible. Les parties restant malgré tout
cachées sont supprimées.

Pout chaque essai, 4 &tant le déphasage par rapport d 1'origine
de phase du courant inducteur I, on donne les résultats pour ¥ = 0
et W= 1/2. Dans chaque cas on donme deux diagrammes : 1'un repré-
sente¢ la projection du courant sur le plan %Oy de Figure et 1'autre
la projection suivant 1'axe des z. Les &chelles ne sont pas lesg
memes dans les deux cas. m est le rapport entre 1'@cheile suivant
0z et 1'échelle suivant xOy.

Il y a donc 4 vues pour chaque cas, Pour des raisons de place
nous ne donnous ici que les diagrammes des essais 2, 3 et 4. La
partie supérieure de chaque diagramme représente les courants suivant
%0y et la partie inférieure ceux suivant Qz.

Figure 4 : Essai 2 W =0 m= 13!
Figure 5 : Essai 2 =12 wm= 31
Figure 6 : Eszai 3 ¢ =0 m= 98,6
Figure 7 : Essai 3 w=u/2 wm= 98,6
Figure 8 : Essai 4 Y$=0 m = 1,33

Figure 9 : Essai 4 g=n/2 w= 1,33

d——

6. CONCLUSIONRS

Nous avons arbitrairement arr8té L'algorithme & B8 itératioms.
Pour ¥ = 4 (essai u” 1} la convergence est trés bonne, Pour N = 6
et £ = 50 Hz (essai n” 2} elle est encore trds convenable. Notons
qu'en augmentant la fréquence (essai n® 3) elle est un peu moins
bonne. Ceci est sans doute dii au fait que le courant se concentrant
A la frontiére de §, la solution est plus irréguliére. Pour les
essais 4 et 5 la convergence est nettement moins boune. Pour 1'egsai
5 en particulier, pour lequel les courants suivant }'axe des z sont
beaucoup plus faibles que ceux du plan x0y, ces courants faibles sont
entichés d'assez grosses erreurs relatives. De plus les 88 ité@rations
ayant dans ce dernier cas pris 25 mn de temps CPU sur IBM 370-168,
on voit que cette approche globale des problémes tridimensionnels se
heurte 3 de grosses difficultés.
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FINITE-ELEMENT SOLUTION OF 3-DIMENSIOHAL EDDY
CURRENT PROBLEMS TN ELECTRICAL MACHINES

T.W. Preaton and A.B.J. Reece
Stafford Laboratory, G.E.C. Power Engineering Lid.,
Iichfield Road, Stafford, ST{7 LLE.

ABSTRACT

The development of large machines has high-lighted a number of eddy
ecurrent problems where a full 3-dimensional treatment is required.

This paper describes a [inite-element method applicable to full
J-dimensional eddy current problems, although only planar flow of
induced currenks in a 3-dimensional geomeiry ie considered indeball.
The work is based on the T (electric vector potential) - 0 (magnetic
sealar pobential) method, and, to obtain confidence in the approach,
comparison ig made on a problem for which en analybic solubien is
pooalble. The effect of discretisation, and the impoxtance of boun-
dary specification at inbterfaces are illustrated.

1. INTRODUCTION

HMany electromagnetic problems in electrical machines can be tackled
effectively by making 2-dimensional approximations to Lhe real
3-dimensicnal situation. However, because of higher specific ralings
and more onerous operating conditions, there are an increasing number
of cases where solution of 3-dimensional eddy cuxxent problema is
esgentinl. Bxanmples arise in negative-sequence heating of turbine-
genexrator rotors, and in the starbing of =solid salienb-pole machineas
with bolted-on pole-heads.

This work started by conslderation of methods which might be appli-
cable to the solubion of 3-dimensional problems, and parbicular
attention was given to the ume of the magnetic vector potenbial. It
wae found that this approach raised considerable difficulties in the
treatment of interface conditions between conducting and non-
conducting members: also, all three components of veclor polenlial
had to be derived throughout the problem, together with a acalar
potential in the conducting medivm, thus increasing the cost of com-
putation. After investigating a current denslity foxmulafkion, which
proved to be inadequate for the problems of interest, it was decided
to develop the T (electric vector pobential)} - 0 (magnetic mcalax
potential) method: +thie has the attraction that T has only lo be
ealculated in conducting regions. For the genexal case of lhree
current components, two components of T are sufficient, and fox
current flow in planes, only one component of T im needed. The

T - (0 method has been described by Carpenter in Refs. 1 and 2, and 2
variation by Wollf lg Inbroduced in Ref. 3.

This paper describes the development of a "one-T" - 0 approach in
3-dimensional space, and compares results for a simplified case with
those obtained analytically. ‘The finite—element solubion method is
uged, but since its application to T - 0 problems is new, Insighb

inte the effect of different treatmente of interfacial conditions,
eto., wag cbtained by assuming analytic variations intwo directions,
with variations occurring in the dlrection of the single T-vector
treated numerically.

Finally, the practical problem of calculating the current flow in
and around the juncition bebween wedges of a turbine-generator rotor
is conaidered. Extension of the equations for a "two-1" -
approach ie described.

2. FORMULATION OF T - O BEQUATIONS

The T - § approach divides the problem into two parte, viz.: (a)
determination of the magnetic scalar potential (1), which definen
the magnetic field distribution (with some modification by T in con-
ducking regions), and (b) determination of the electric vector
pobential {T), which describes the current flow patterns in the con-
ductoxr region. The electric vector potential can be regarded es a
generalised variation of the Il foexmulation, in that it has the same
“eurl" relabionship, but not necessarily the same divergence:

f.e. CurlB = J e (1)
and Curd T = J L. . (2)
Since divpH = O L. .o (3)

I can be re~defined in terms of T and (} as:
I = T - grad @ ceeenae (U}

which, 1f operated on by the “curl", matisfies Eqna. (1)} and (2).

The magnetic sealar potential equation is obbained from Bgne. {3)
and {It), and can be expressed es:

%0 2% . 2%n
I [5;{ +o59 tagE| T div T cieeeas (5)

(The permesbility texms need to be retained to allow for materials
of different permeability in the numerical fommulalbion.}

The equation for the electric vector potential (T) iz glven by
Maxwell's equation:

it}
Curl B = —%{; cereees (6)
and Curl T = J cenenes (T
The resulting expression is:
23
Vxfp¥xT) = ~ %E cereees (B)

In the early stagee of the work only one component of T, (T.), is
aspumed, which corresponds to planar flow of currenbt: it is also



agsumed that all materials have constant permeability and resistivity.
Thus, for sinusoidal time variations in both potentials, Eqns. (5)
and (8) reduce to:

%0 . a%n | 2% _ ar
! {555 oyt o = Max reeeees (9)
827 9°m s e
and r [5;? + 5;?} = Juwp {T - éx} AR REE (10)

where the x-direction is normal to the conducting surface.

Since T is a current~describing function, i.e. a function from which
J can be derived by differentiating in accordance with Egn. (2), T
is either zero or a conslant in non-conducting regions. Thus

Egqn. (10) is only evaluated in conducting regions, whereas Eqn. (9)
is evaluated throughout.

Numerical solution of the above equations isnecessary for the compli-
cated boundary shapes which arise in electrical machinea. Since our
experience with 2-dimensional problems has shown the finite—element

methed to be well-suited to economic solution for awkward geomebries,
it has been adopted for the solution of Egqns. (9) and (10).

In the absence of any published work on finite~element solution of
5-dimensional eddy cuxxent problems, a cautious approach was adopted.
This involved the finite-element solution of Eqna. (9) and (10),
asguming the variation in the y- and z-directions to be sinusoidal
and co-ginusoidal respectively. Thus the numerical solution ig in
one dimension only (the x-direction), and, as shown in the following
gection, the effect of interface conditions and discretisation can
be examined in detall at modest computational cost.

3. ANALYTIC AND NUMERIC FORMULATION OF THE SINGLE T -~ ! SOLUTION

3.1 General

To dispel any doubts about the variational formulation, and to
clarify the effects of interface relationships and discretisation,
it is essential to test the validity of the approach ona provlem
for which an analytic solution is possible., A test problem was
set up (Pig. 1), which similated a simple stator and rotor
aggembly. The following assumptions have been made so that an
analytic solution can be obtained:-

{i) The stator core is infinitely permeable.

{ii) The rotor material is assumed %o have constant pexrmeability.

(3ii) The sinusoidally varying stator currents set up a magnetic
scalar potential on the stator surface having a sinusoidal
variation in the y-direction and a co-sinusoidal veriation
in the z-direction.

(iv) The electric vector potential distribution in the rotor is

similarly distributed.

Boundery conditions are indicated in Fig. 1.

3.2

- o sin 7 oo IE
= (psin 3h cCeB a1 on stator surface Stator

surface

paps I S

25 : . ,/”/, Air-gap
o~ ,/’// - L
A N B R e
P p
,// : // -1 .- [Rotor
ps L A= -
| Ed I //,/ - /
a0 _ Y p— - ~
5; =0 /, ' ,//// d ~ /
’ D e e s o g gl gl Pl
iy - =
=== 0 S P < /
Oz B - y
:‘_, e /: ....... /
an 0 S 8= g =
R B N - “tp=od |7 -0
8L _ o) o] T _
ay - N E ax -

Fig. 1: Simplified stator and rotor assembly

Analytic Solubion

When all the assumptions are congidered, the problem reduces to
Fig. 2:

" in LL oy
Uy = Iy 8in on co8 o1
x=0
Zone 1
>
Adr-gap Vot =0
jtH = {lz
e
X=X 7777777777777777777777777777’?7??r\
P 9T gLt R T ~ ol
Zone 2 Vi = o= ax ! %
Rotox 2 s a0z
R ﬁsz = Jo pour T"'x]
X =X,
=g, 2L _
Q =20, 52=0
Fig. 2t Mathematical model of Fig. 1
. - in WL 2
.. Let Qo = 0 sin F-cos &2 A G kD
- in &L iz
and To = T sin 3f cos 33 cenneas {12)
which, when substituted into Eqns. (9) and (10}, give:
a
In Zone 1: %;“4—-1(0. =0 . (13)

wheve K = mipay (K 4+ 17
L K



P =0 e o)

Rt ar
In Zone 23 357 - K2 i ceenaee (1)

= i finie 0p
T (,,Tlr,]"ﬁ?;?i Ix veeeee (16)

If Bqn. (16) is differentiated with respect to x and aubotitubed
into Egn. {15}, the final differential form is:

il

270, J w ftopte
—a;:i“—[l(+ " ]0; = 0 IO (17

The boundary conditions are?
AL x = O (stator surface):
o] = (m (surface value)

At x = x; (interface between alr-gap and rotor), tangenbial H
and normel B are continuous, ji.e.

nl = ﬂa
B0 _ b
and e e [T Tx
At x = X3
1 = 0 {no tangentisl flux density)

Solving Eqns. {13) and {17) leads to:

Cginh b(xs - x2) cosh e(xy - %)
- M cosh t{xy - xa) sinh a(xy —x)

M = O 75h b(xy - xz)coshaxs ~M oosh b{x1 - X2) sinh 8x1
verenas (18)
e : — (m sinh t{x2 = x) _
? Toinh L(x1 ~ xz) cosh 8 X1 = 1 cosh tlx: - xz) sinh g x1]
vereeee Q1)
vhere: 8 = 'é{il{ (h®+ 12) ¢
% = [ R S 1,-]*
i7" b )
M= u.-%

T in obbained by substitubing Fan. {19} into Egn. (16):

3.3

P o= i t 0
= 0K +iw jlollrj

" cosh t{xz = X)
ainh o(x; = xz) cosh s8Xx, — M coch Blx, -~ %p) sinhs X

Eqna. (18) - (20) are used when checking the validity of the
finito~-element numerical equatione.

Numerical Sotubion

Ay i

The differential equations vhich have to be formulated
numerically when all the assumphions have been included axe:

%ona 1 (non-conducting regions):
2%0

.B_F_KQ w 0 PTT TR (21)
Zone 2 {conducting yeglions)!
8’0 or
Holtr pxf = Moitr KQ = poltr 5% pereess (22)
_Ae K . o
and [1 PR T = ax vernnes {23)

To represent the above equations in variational foxm, an
integral equation is formed which, when operated upon by Tuter's
eguation, reverts pack to the original differential equation.

{A practical way of defining the integral ig to eptablish the
energy of the Bystem.)

fhug the functional fox the above equations is:

Zone 1:
= dn anl’ tp K 2
Xq 2][611]‘1’“’2 0% dx
Zoneg 2%
_ Hplic ol tojic £ 5 ] 9T
Xg = 2 f[ax] dx + "% @ 4x 4 japr | 0 g5 B

e
!

- i - JdeE Ei _om T
T w poite § 2 ox
fhe [inal minimised form is obtained by differentiating with

respect to lhe unknown potential, 0 or T, keeping the other.
varisble constmnt, and equating to zexo, i.e.t

ax,
i _o_jangan 00, [
w, " “°“r[ ani[ax] o Ox + Morr K ]n ani‘b”"""" 3x [ani dx

= 0 eeenes (20)



3.0

(For Zone 1 equation, the last term vanishes)

Mg ¢, _i8K) . _@m
a7 - —w”u i_ax
i olr

= 0 veeeens (25)
where Qi and Ti are potentials at node i in the region considered.
The elementi used to represent numerically the potential variation
ig a "line" element, with a linear distribution between nodes.
Thus the numerical equations become:

Zone 1:

“"3—‘%(3+KL2)ni+!ﬁn(—6+xrﬁ)nj = 0 .iu... (26)

Zoneg 2:
M(}-I—KL*) 4 ES .(_?.é.:_Tﬂl -
31, Qi-I-L%%L(—S-%KL)Qj" 5 tottr = @
cemaass (27)

. = rreeass 12
W popr (1Y (1a + 1bf (28)

[1_3-“{],1‘ (o, - 0,) o

vhere: (), - 8calar potential above node i
Qp - dcalar potential below node i
L - length of element

13,1p - distance between nodesa and i and b and 1 respectively

Egns. (26) - (28) are used to obtain the potential distribution
in all the configurations used in the test cases, together with
the boundary equations described in the following section.

Boundary Fguationg

The equations derived in the previous section only apply within
the relevant regions, and not at the interfaces between them.
The conditions to be obeyed at interfaces between non-conducting
and conducting regions are:

i : is econtinuouw
tangential 8 eon g

B i tinuou
noxymal 8 cen ous
J is zero
normal

The last is auvtomatically satisfied by assuming only one value of
T at the interface (Thommal).

Continuity of tangential H is automatically satisfied in the
single T - 0 solution, since 0 is common to both regions,
o0

i.e. Hn = Hya = - By

a0
and Hz| = Hz. = —gg

The continuity of normal B condition is more difficult, since its
value relies on §} in the non-conducting region, and on P and 0
in the conducting region. This can be overcome by rewriting

Eqn. (10) as:

8%t a2’my B
G toE| = dub
Now Br can be written in any one of the following ways:—
Br = = {lo g% (based on air values)
a0
Bx = wour {T - 3= (based on rotor values)

B

o p . 20 an based on the average of the
2 |Hr s Tax | ax air and rotor flux densities

A1) three conditions have been incorporated in the variational
equations.

It is also necessary to allow for the contribution to the scalar
potential equation arising from the discontinuity in T at the
interface,

The term 91/dx in Eqn. (24) can be evaluated at the discontinuity

as:
T4

#D#r[ g‘g‘dx = Helir ET(xi-r) - T(]CI_)E
1~

= troire T;

This wodifies Egn. {27} at the interface only.

The other boundary conditions, i.e. 0 = T = value and

80/8n = 0T/n = 0, are automabically satisfied by the variational

formulation.

. RESULTS FROM TEST PRODLEMS

To determine the most suitable interface condition, and the effect of
different discretisations on the accuracy of the numerical solution,
the following studies were made for the geometry of Fig. 1:-
(2) Copper rotor: e =1 and p = 2 x 10“°Q-m
{v) Mild steel rotor: p- = 100 and p = 16 %10 ""C-n

The effect of discrebisation is shown in Fige. 3 and lj, and Fig. 5
compares the effect of the different interface conditions used,
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The resulte show that:

(i) Fine discretisation is essential in a magnetic member to obtain
close agreement with the analytic results. This is associated
with the thin skin depth, viz. 2 mm, compared with 7 mm for the
copper rotor, A possible way in which this problem could be
overcome 18 to represent thin skin materials by impedance sheets
as described in Ref. L.

{(i1) The best interface condition to use is the one in which the
normal flux density is based on the air values, since this is
less sengitive to discretimation changes.

The work described has shown that a variational approach can be used
to obtain the T -0 solution for eddy current problems. The following
gection describes the formulation of the “single ™ -0 equations for
the full 3-dimensional problem, i.e. with no reduction in the number
of dimensions through assumed analytic variations.

5. FULL 3-DIMENSIONAL NUMERICAL EQUATIONS
The functional for the full 3-dimensional magnetic scalar potential

equation (Eqn. (9)) can be obtained by using the restricted variations
technique, in thie case keeping T constant.

" 20F  fanp  fonf bii

X = 3 [[[ax] + 3y + {5 dv+uax 0 av
v v

In non-conducting regions:

keid =
r.tax[(]dv = 0

The minimised form of the above eguation is:

[:59 B

g 2 fap) a0 , 8 fen)on , _o (a0) an a1 [ an

i ”f an.[ax} ax*an,{ay} ay"an.[az] A Bxf e
L 1 1 v 1

v
= 0 veeeees (29)
-2 [lr=Ey, (e dop [ 4 cop &
X = 2[ {ay} +[azﬂ.d\'+ 5 AV - Jep B T av
v - ' v

Since currents are assumed to flow only in the y-z plane and the dig-
tribution of 0 is constant through the restricted variations principle,
the minimisation condition for Xp involvea an area integral only.

i 3 {or)or o {ar)or a1
3T, ="[ aw[é’f}a‘ffaw.{a‘%}ﬁi ‘U‘*j”“fi‘am_d"
X A a 2 A 1

. 20 a1
= Jen EToN dA N 611
i

A

If a linear shape function is chosen for (1 and T, the numerical
equations for the tetrahedral element become:

Scalar mggnetic potential

3%? E(bi2 + e,

2 ] .
g7 rdy )ni + (bibj + 0504 + didj)nj

+ (bibm +ese + aiam)nm + (bibp o0 + aiap)npt
H -
+ 31 (biTi + bjTa. +b T+ prp) = 0 .eeveen (31)
where: by, ci, di, ebc. are temms related to the xy ¥y and 2

co-ordinates of the tetrahedron
V¥V = volume of tetrahedron

Electric vector potential

b.?4c,” by +c.c.
[(J. 4'01) 'm“A]Ti+{(ble+cch) ‘qu]Tj

L& p+a—y La Pt 3

(b,b +c.c ) ]
im im s W w A
+{ L& PrITE) T m 3 T @, - )

]
<
.

—
)

n

~—

where: [k - scalar potential directly above node i
) « scelar potential directly below node 1
1, - distance between )y and O
A ~ area of triangle

The equation for magnetic scalar potential applies throughout, but,
ag mentioned in Section 3, an extra temm iso required at the interface
to account for the discontinuily in T. This term is:

ﬁTi
r=m

Similarly for the electric vector potential the normwal flux denaity
al the interface has fo be forced: in this work, the air value alone
hae been used.

To check the validity of the above equations, the tesi problems were
repeated with the y and z variations treated numerically.

Fig. 1 shows the diseretisation used for the copper rotor with y and
z pole pitches of 30 mm, and Fig. 6 shows %he comparison with
analytical values for scalar and electric vector potential
respectively. '

.4
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Agreement 1o less good than in the 1-dimensional case, but since the
discretisation is poox in the y- and z-directions, the resull is nobk
too surprising. A more refined mesh is needed, but since Lhe matrix
equationn were solved by the direct-Gaussian Flimination Melhod, a
large amount of computer storage was required, and computalion was
costly. An lterative method of solution is probably more appropriale,
and is Leing investigated.

Al though restricted in the number of nodes that can be wnsed, an
atfiempt was made to calculabte the current flow in and areund the
Junction between sglot wedges of a rotor, as shown in Fig. 7.

Nobor wedges

Rotor

Fig., T: Robor wedge problem

The calculated current flow lines (real T values) are given in¥Fig. 8,
and indicate a crowding of current in the robtor iron at the end of
the vedge. This [igure also shows the variation of the axial current
density across the rotor iron section for a continuous wedge and a
short wedge.
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Fig. 8: Roter wedge problem - Surface current flow and densities

6. "IWO-T" -} EQUATIONS
This work is still in ite early stages, but, as mentioned in
Section 1, only two components of T are required to describe all three
components of current density.

The resulting equations for itwo values of T, i.e. T, and T,, are:

a°q . 2’n . a%n " ATy . ATy
R RRE) (BB

°T, . BT, B'my _ 20
p[6y2+az"—axay = Jwuils -5y

221, |, B a2 an
p [ax”' * e T axay| - dewily gy

The following minimised fungtionals can be dexived from consideration
of the energy equation:-



9Ty

awxi oy \ oy ox  OTy ay
=0
M. _ _ aly _ @0 aly - a_ {am,}am
By, “[[TUBT. 3y AT, { W+ 3 3T, . | 8z | 9=
¥i v ¥i ¥i v ¥i

+

3 (e2y)fory) aty _8 [am) | 4
aTyi ox |} ox oy eTyi 9x
= 0

It was intended to show the application of the "two-T" - Q approach,
but, because dixvect mabtrix inversion has been used, the cost for a
realistic discretisation was high. Attention is therefore now being
aimed at development of an iterative solution im order to reduce the
computation costs, and to enable non~-linear materials to be repre—
sented efficiently.

7. CONCLUSIONS

Although still in its early stages, the indications are that the
finite-element formulation of the T - O method can be used to solve
full 3-dimensional eddy current problems.

However, the finjte-element formulation loses some of its nommally
accepted advantages: in particular, all interface conditions have
to be met. Not surprisingly, 3-dimensional solutions Taise the
problem of computer costs, and it is uneconomical to represent
materiale with thin skin depths, such as the rotor iron, by the

T formulation, because of the need to discretise finely. #n
impedance-sheet representation should aveid this problem.

For large 3-dimensional problems, iterative solution is required to
make the method econcmically feasible.
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ABSTRACT

A numerical procedure was developed to solve transient three-
dimenalonal (3-P) eddy current prablems For nonmagnetle comductor.
Integral equation formulation in terms of vector potential Is used to
simplify the matching of boundary conditions. The resulting cquations
and their numerical approximation were shown to be singular and to
require gpecifal handling. Several types of symmetries were introduced.
They not only reduce the number of algebraic equations to he selved,
but also modify the mature of the equations and render them nonsingular.
Temporal hehavior was obtained with the Runge-Kutla methed. The pro-
gram is tested in several examples of eddy currents for iis spatial
and temporal profiles, shielding, boundary surface eflccts, and
application of various symmetry options.

1. INTRODUCTION

In tokamak-type fusion devices, pulsed mapnetic flelds are
required and 3-N transient eddy currents are produced. A code is
needed to compute these eddy currents. A Finite diFference method
iz not easy to Implement for such a system due ta geometrical com-
plexity (e.g., toroldal [ield coils may have nonclreular shapes).
Boundary conditions are easier to handle with the Field equatinns
formulated as integral equations. The vector poktentlal A Tlrs natu-

rally with these requirvements and has been adopted as the hagic variable
in earlier work. A Coulomb pape is appropriate for this application,
and our code Tor the external vector potential Ao 18 formulated in this
gage. 1 qhis choice implied that the scalar potential ¢ 1s needed to
describe the effect of surface charges, which are induced by the
interruption of eddy curtent at the bhoundary.

Previously, we tried to solve the time-dependent pavt of the
field equation by a pertutrbatfon-polynomial expansion method,’.2
Although this approach exhibits ne stabillty problem, Lt 15 not sult-
alble when shieldlng beeomes signiFicant, i.e., 1F the skin time of
the conductor is longer than the characteristic time of the pulse. A
different approach has been used successfully on 2-D translent eddy
current problems by Biddlecombe et al.3 1In this paper, Cheir approach
has been adopted, with some modifications, for the 3-I prohlem. Asg
before, we timlt ourselves to a single nommagnetic conductor with
constant conductivity, The external source is assumed to have a
glven current waveform, and the interactions between eddies of dif-
ferent conductors are assumed to be small and neglipgible.

Our basgic equations, as derived earlier,1:3 are summatized
below (ST units are used):

*

Rescarch sponsored by the Office of Fusion Enerpgy (FETH),
V.5. Department of Emergy under Contract No. W-7405-cnp-2
with Union Carbide Corporation.

o (AA/DEY + Vi 4
A(rt)=l\(rt) o fm--—-—-—dr', {1)
le -zl
(3a/at)
M0 = - = f [ T (—L——)] .ds’ . (2
jr - le - e

Here, the integration is over the conductor velume and surface, respec—
tively, and ¢ iz the conductivity. In Eq. (2}, the factor 2n is used
when r lies on the boundary surface. Tor interior points, 1t should be
replaced by 4m.

2. NUMERICAL DISCRETIZATION

The conductor volume is divided Llnto N 8-node bricks, and the
boundary surface into L quadrilateral surfaces. Tor simplieity,
(9A/3t) and V§ are assumed to be constant over cach volume element, and
¢ is assumed to be constant over each houndary surface element. After
discretization, Eqs. (1) and {(2) become

N dA
By = Ayt 3 R [—l+ (vni] 1)
3=1
i dA
Tt 3 [ni'k(bk * Uk (d_ﬂ) ] : “
kel L E

In Lq. (4) the factor 1/2 is replaced by 1 for interior points. The
expression (dAn/dt)k is the rake of change of the ontward normal com-
ponent of A in the volume element where the kth boundary surface
element belongs. Coefficlents are defined by

3
Vg d'r
Ry = - F[ ' )
lz, - gj]
-1 fa8 1
“u{“‘!m[anl - ["Sk' (6
Xy = Iy
ds
- . L k
U =~ Zm e o] 7
Lp T Iy

Colliea derived formulas to reduce Integration over volume to
integration over surface and line, and 1 = j or £ = % cases do
not present special difficulties.

It was noted earlierZs5 that Eq. (2} was "singular™ in the
operator sense. This singularity is preserved in Bq. (4},



provided that the coefficients in Egs. (5)~(7) are evaluated exactly.
1F erude approximations to Eq. (6) were used, examples showed that the
numerlical result converges to the wrong answer In an iterated solution.

In general, subdivision into volume and surface elements of equal
sides tends to give bebter numerical results. In particular, for a
thin, flat, platelike conductor, the terms on the right-hand side of
Eq. (#) are dominated by the solid angles £,. associated with the top
and bottom surfaces of the plate. These terms change very slowly for
points around the centroid of the element. Hence, the direct differ-
entlation of Lq. (4) may mot reflect the actual variation of ¢ across
the element, Instead, we approximate (V{); of Eq. (3) as the vector sum
of the central difference of ¢, between opposing surface centroids.
This approximation becomes less accurate for more highly askew volume
elements,

3. ELIMINATION OF V¢

To eliminate (V$)4 in Eq. (3), we First solve for ¢p's om the
boundary surfaces by Eq. (4). Since this equation is singular,

L
Q=
=l Mk

na[=
-

the ¢y obtained will be of large magnitude (if no overflow error occurs
during computer operation). The {V¢)j which results from subtracting
two large ¢'s may have substantial erfor. This singularity is related
to the fact that only V is prescribed at the boundary surface; hence,

¢ is not determined to within a constant. This uncertainty can be
removed by fixing the ¢ value of one of the boundary surface elements
al zero. V¢ was found to be imsensitive to which value of $g was chosen
te be zero.

Next, the scalar potential 1s computed for the centrolds of the
surfaces of each volume element by LEq. (4). (V¢)J is then obtained as
the central difference. Let X2, X1; ¥2, Y1; and %2, 71 represent the
position vectors to centroids o! of opposing faces. Then

byy = gy - ¢
(V) = I—z——T (X2 - x1) +|Y2——%2- (¥2 - Y1)
X2 - X1 Y2 - Y1
G, — b
+T§3——% (z2 - z1). (8)
72 - 7l

Afrer elimination, we have

N o iy oy by . dA.z)
Ax " Roix = J.fl (’13 at * ”Ji(j a T Mjicj dc /> (9a)

1y

1z
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The Fx, Fy, and Fz matrices are defined by Eqs.
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L ~ dh,

(Vd’)jx = 31 (Fx)jk(sk T ) y {11a)
1 N da,

(fo’)jy = rfl (Py)jk(sk ' EE—) , (111)
L (,. dﬁk)

(V“’)j?, = 21 (1*::)jk S, " a /- (1ie)

~
§ is the unit outward normal vector omn the boundary surface. The
sum over Loundary surface elements,

L

X
k=1

may be converted into a sum over volume elements,

L N 6
3 + I X b

s (12}
o1 pel et o

with

6
p
t=l

the sum over all the surfaces of a volume etement and Agj = 0 If jr in
wot a houndary surface and Apjy = 1 4 it 15 a boundary surface.

Equation (9} 1s solved, alter direct matrix inverxsiov, by the
Runge-Kutta method. Then the eddy current in volume clement 1 ls glven by

di\_i
Ay =0 lEE' * (V¢)1] : (13)

The elgenvalues of the M-matrix of Eq. (10} bave beeu checked.
Fipenvalues with a positive real part, Jmplying growing rather than
decaying transients, were sometimes encountered, but only for ronductors
using very coarse meshes (one or two volume elements). For finet meshes,
the real part of eigenvalues seews to be always negative and insensltive
to the cholce of which surface element scalar potential is set o he zero.

4, SYMMETRY CONSIDERATION

gince the M-matrix of Eq. (10) is dense and needs direct dpversien,
its dimension should be minimized. This can be done iF the conductnr

1.5

and source currents POSSESE certajn symmetrles, 80 knowledpe of the
resulting eddy current in one part of the conductor implies kanwledge
of those of other parts. Certain types of symuetries, furthermore,
remove the singular character of the equation. The following two
properties of Haxwell's equation are the basis of our symeekry con-
sideration.

(a) Maxwell's equation is {nvariant vnder reflection transfor—
mation. lence, for a conductor with reflection symmetry, if the source
currents are reflected, so are the induced curreals.

(b) MHaxwell's equation is ldnear. Thus, if the source currents
are reversed, so arc the induced eddy currents.

Tour types of symmetries are now considered.

4.1 Reflectlon symmetry (Type 1)

Assume thal the source current J and the conductor are invariant
under reflection transformation about the x-z plane. That ig, For glven
X352,

3, = J ¥ Joy(y) = -Joy(ny), 3,00 = Joz(—y) . (14)

Then, Erom property {a) above, we expect that the induced eddy current

J also transforms kike Eq. {14). The symmebric nature of Ryy also implies
that A (and hence dA/dE) transforms like Eq. (14). lence (Bilan)(y) =
ol (=y), $(y) = $(-3), and Vi also transform like Eq. (1%). Although
this symmetry allows us to reduce the order of the M-mattix by half, the
rogulting equations remain sinpular in nature.

#,2 Relleckion symmeffy plus cutrent reversion (lype 2)

Assume that the conductor s ilnvariant under reflection transfor-
mation about the x-z plane, but the source current go transforms Like

300 = g (s T ) = R ) g, 0 7 30 (1)

¢hat is, reflection plus reversion. From properties {a} and (1), onc
can show that J, A, dA/dt, and ¥ also transform 1ike Tq. (15), and
p/an(y) = ~dp/on(-y} and $(-y) + $(y) = constant.

The reduced matrix equation is not sinpular. llence, in solving
the reduced equations, the value of § should not he fixed for any
houndary surface element. An alternatlve way to solve ¢ is to apply
Eq. (2) to only walf of the conductor (J 2 0) with ¢ fixed as some
constant in the x-z plane. 1t then hecomes a wmixed boundary condition
problem, and Bq. (2) is algo no longer singular. llowever, unless suffi-
cient mesh division is provided in the x-z plane, this approach may be
less accurate than solving the reduced HM-matrix equation.

4.3 Double reflection/reversion gymnetry (Type 3}

Assume that conductor and source current satlsfies the symmetry
described in Sect. 4.2 ahove for hoth the x-z plane and the y—-z plane
{e.g., A square plate in the x-¥ plane coaxial with a selenold aleng
the z-axis}. Then the jnduced eddles satisfy (for given z)



[}

Jx(x’y) = _Jx(xs_y) = Jx(-x,y) —Jx(—x,—Y),

1

= ~y) = =3 (= ~J (~%,-¥), 16
Jy(x,y) Jy(x, ¥) Jy( X, ¥) Jy( X5 ~Y) (16}
I,y = -3, (x,-y) = -Jz(-X.y) =J,(-%,-¥).

4.4 Symmetry for toreidal field (TF) coil in tokamak (Type 4)

Toroldal field (TF} coils and pulse coils in tokamaks possess
reflection symmetry (Type 1) about the torus midplane (x-z)}, and
reflection/reversion symmetry (Type 2) aboul the coil midplane (y-z}.
Here the induced eddies satisfy

Jx(x:y) = Jx(xs_y) = Jx(—X»Y) = Jx(—X,"?)g

- —y) = - (- = J (-x,-¥}, 17
Jy(x,y) Jy(x, v) Jy( x,¥) Jy( X,~¥} an

Jz(x,Y) Jz(x,—Y) = -Jz(-x,Y) = _JZ(“x,"Y)'

Both Type 3 and Type 4 symmetries reduce the M-matrix order
by a factor of fFour, and the reduced matrix equatilonms are nounsinmgular.
These symmetry relations have been verifled in test examples.

5. EXAMPLES

The 3-7 eddy code is structured as a set of four linked programs:
mesh generation;/ computation of matrix coefficients; 1ts inverse,
computation of external vector potential; and eddy curreant calculation.
The program is run on a PDP-10 (KL-10). Most CPU time was used For
matrix coefficient computation and inversion. This structure allows
for changing relative coil/conductor position or pulse waveform without
the need to recompute the coefficient matrix. Symmetries are selected
as opticens in the matrix coefficients program.

Small jobs can be run.in time-sharing mode. Example 4 below used
24 volume elements and requires 7 minutes of CPU time to compute the
mabrix elements and inverslon, compared to 76 minutes for a batch job
of 81 elements {a matrix of crder 243}.

5.1 Tdime profile of eddy in a circular ving

A very small coil along the z-~axis ramps up linearly and induces
eddy current in a coaxial circular ring-shaped conductor. One quarter
of the conductor is modeled as eight elements (Type 3 symmetry), as
shown in Fig. 1. Jgz is the magnitude of the saturated eddy current
density and varies about 1% for elements of the same layer. The time
profile of the eddy is plotted In Fig. 1. The same problem is alse
solved by circuit analysis, treating the conductor as two single-turn
lumped circuits. The lumped circuit solution agrees with those of
Fig. 1 within 3%.

5.2 Spatial profile of eddy in a square plate

A very small coil ramps up linearly and induces eddy current in
a 2-m? plate, 0.5 m thick. One quarter of the plate was modeled by
25 elements (Type 3 symmetry). The initial (v = 0.1 sec) and the
saturated (t = 2 sec) magnitudes of eddy current density J for elements
along the line connecting the center of the plate to the center of one
side are plotted in Fig. 2, normalized to Jy, the current density of
the middle elemenl at that time. Also plotted for comparison is the
lumped circuit solution of a circular plate 1 m in diameter. Results
are similar to those obtained from previous work.l The saturated
value of Jy obtained from the 3-D code agrees with the lumped circuit
solution withim 5Z.

5.3 Shielding of an oscillating dipole by a square plate

The dipole and square plate used in example 2 were also used to
study the shielding phenomena. Dipole current is assumed to osclllate
at 60 Hz. For a plate of infinite area with oscillating current par-
allel to the surface, the induced eddy decays exponentially. 1In this
example, the skin depth is B em. Fer a 5-element approximation (each
layer 10 cm thick), the logaritlmic plot of J(n)/J{n=1), where n is
the layer number, has a slope of -1.25. This is represented by the
golid line in Fig. 3. Our solution (dotted line) gives exponential
decay shilelding behavior over three skin depths, and levels off after
that, The short solid line (improved solution) corresponds te a 20-
etement, 5-layer solution, so that the width of each element is now
reduced to 50 cm instead of 1 m. This improvement indicates that the
time increment and mesh size should be selected to match or be smaller
than the characteristic pulse duration and the skin deptily, respectively.

5.4 Tokamak symmetry example

A 1-m® rectangular plate 0.4 m thick lies in the x-z plane. A
linear ramp of source current along the x-axis simulates plasma buildup.
One quarter of the plate (Type & synmetry) was modeled by 24 elements.
The saturated eddy current is plotted in Fig. 4. Tddy current im
elements near the x-axis flows opposite to the source current, and the
overalil eddy Forms closed leoops in the plate. A shielding current (one
order of magnitude smaller) was alsc created in the x-y plane. Thus,
in 3-I} examples, eddies perpendicular to the plane of source current
are usually created due to houndary and surface charge effects.?
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Fig. 3. Shielding of am oscillating dipole by a square plate.
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ETUDE EN 30 D'UN FOQUR A THDUCTIQN DE
RECHAUFFAGE DE PIECES DE SECTION RECTANGULAIRE

A. FOGGIA
Laboratoire d'Electrotechnique
ECOLE CENTRALE DE LYOWN
BP 163 - 69130-ECULLY (France)

RESUME

Dans cet article, 1'auteur utilise une méthode d'@léments
finis pour 1'@tude de la répartition tridimensionnelle
des grandeurs électromagnétiques dans un four § induc-
tion employé en sidérurgie. Aprés la mise en équation,
particuliére & ce type de four, le domaine de résolution
est découpé en 8léments tétraddriques et la résolution
des é&quations ainsi discrétisées conduit aux valeurs du
potentiel vecteur.

1 - Introduction

Le chauffage 3 induction a &té utilisé depuis fort long-

temps pour effectuer notamment des traitements Lhermi-

ques superficiels de certaines piéces en construction

T?canique. Son utilisation &tait toutefois relalivement
mitée.

On assiste actuellement 3 un regain d'intérét de ce type
de chauffage griéce aux avantages que présente 1'électri-
cité comme source d'énergie par rapport auvx autres sour-
ces d'énergie.

Le principe de fonctionnement de ces fours consiste @
faire circuler dans la pigce & chauffer des courants
glectriques induits. tes pertes engendrées par ces cou-
rants de Foucault élévent la température de 1a pidce
Jusqu'd ¥a valeur désirée pour effectuer un laminage ou
un formage -environ 12006°C-

Physiquement, un four d& induction comprend des inducteurs
3 1'intérieur desquelis se trouve la piéce & chaufler qui
dans notre cas sera un paralléiépipdde. L'é&tude d'un tel
dispositif est complexe car les phénoménes électromagné-
tigues, non linéaires dans le cas de 1'acier, sont cou-
plés aux phénomdnes thermiques et au changement d'état
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qui intervient lors du franchissement du point de Curie,

l.e but de cet article est de montrer les résultats de
1'application d'une méthode d'&léments Tinis tridimen-
sionnelle & 1'&tude d'un four 3 une température donnée.
Le calcul présenté permet 1'évaluvation des puissances
actives et réactives mises en jeu et constitue une &tape
préliminaire & 1a simulation du four en cours de fonc-
tionnement.

2 - Mise en Equation

Le four qui fait 1'objet de cette étude est schématisé

4 la Fig. 1. I1 est constitué d'une bobine qui forme
1"inducteur dont Tes spires sont de forme rectangulaire;
fa pigce & chauffer est un parallélepipéde rectangle.

¥

7 h
)
)
)

NN

Figure 1

Dans Te cas particulier de cette étude, nous supposerons
que le pas h des inducteurs est petit par rapport aux
dimensions a et b du noyau. Ainsi, op peut admetlre que
les courants de Foucault qui se développent dans le noyau
sont situés dans des pians perpendiculaires & 1'axe X'X



de la piéce, ainsi que le représente Ta figure 1.

Désignons par

B : 1'induction magnétique

e champ magnétique

¢ e potentiel vecteur

le champ &lectrique

la densité des courants de Foucault

:la densité des courants dans les inducteurs

< My =T

ot
el
>

G 1la conductibilité électrique du noyau
F Ta perméabilité magnétique du noyau
po la perméabilité du vide

Toutes les grandeurs vectorielles sont fonction des va-
riables d'espace (x, y, z), et du temps t.

Les équations de HMaxwell s'écrivent

div 8 =0
— -
v E Y
~0 = .. 22
- Of @
J = 0 E
b - B

En combinant 1'ensemble des &quations (1), on aboutit &
une équation uniﬁue dans laguelle seul intervient le po-
tentiel vecteur :

it
A obh ) = L 2 J 2
A cette équatiomn, nous imposons la condition
divd = 0. {3)

ans le probléme qui nous concerne, le potentiel vecteur

ne posséde que deux composantes dirigées suivant les
axes Oy et 0z de la Fig.l et que nous désignercomns respec-
tivement par Ay(x,y,z,t) et Az(x,y,z,t).

Pour résoudre 1'équation (2), nous avons utilisé une mé-
thode que nous avons déji employée pour des problémes
bidimensionnels [11,[2]. 11 s'agit d'appliquer 3 1'é&qua-
tion {(2) une projection de Ritz Galerkin associée & un

découpage tétraédrique du domaine de résolution.

3 - Mise sous forme variationnelle et
discrétisation

Le domaine de résolution est découpé en éléments tétra-
driques & 1'intérieur desqueas nous pouvons écrire

f(_m, 4 z,é) = JZ;‘ %&(m,g, z) E: (é) (a)

ol les fonctions &;-(x,y,z,t) constituent les fonctions
de forme. Parmi Tes nombreuses fonctions %possib]es,

nous avons choisi des fonctions du 1° ordre d&Tinies par

%b(x,y,z) = aj + bjx + cjy + djz (5}
ol lTes constantes a5, by, cj, dj sont calculées & par-
tir du systéme défini pgr

1 1 i 1 %' A

X1 Xy Xq Xq %a x ()

i Y2 Y3 Ya |Gy =1 4

74 z, Zg z, ?; 2

Les @léments qui interviennent dans la matrice du systéme
d'géquations {6) sont les coordonnées des sommets de cha-
que tétraédre 6lémentaire (Fig. 2)

1

3
Figure 2

L'utilisation d'é&léments du 1° ordre est intéressante car
1'induction y est constante 3 1'intérieur et par consé-
quent la perméabilité magnétique 1'est aussi.

Dans ces conditions, 1'équation (2) appliquée & 1'inté-
rieur d'un tétragdre &lémentaire peut s'écrire

7.6
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En effectuant une projection de Ritz-Galerkin au noyen

des fonctions de forme [§]on obtient ators au noeud j

PRI T ")_(ia 0" @g% )a*u r\g"" fave
P Px Dw ma (8)
jm% av

L'ensemble des équations (B8) conduit & un systéme diffé-
rentiel qui est résolu par une méthode implicite.

4 - Conditions aux limites

Les équations (8) doivent &tre résolues dans le domaine
représenté a la figure 3.

S £

,/ /D - 3214;5f t ’//15

Figure 3

11 s*agit d’un paraliéléepipide @ 1'intérieur duquel se
trouve le four. Les frontiéres ont &té choisies de telie
sorte que les plans OAED, OABC et OCDG constituent les

trois plans de symétrie du four. En chaque point de ces
trois plans, nous avons la condition

Ty
ol (9)
Ceci implique nécessairement sur 1"axe Ox
=0 (10)

Enfin, sur les autres surfaces : AEBF, DEFG, CBFG, nous
avons imposé des conditions de MNeumann exprimées par la
relation (9).

L'équation vectorielle (8) se décompose en deux équations
scalaires ; Tes conditions aux limites (9) et (10) se
décomposent chacune en 2 conditions sur les composantes
Ay{x,y,z,t) et A (x »¥,Z,t}. Ainsi, nous avons donc 3 ré-
soudre deux équations qui sont du type potentiel scalai-
re dont 1a solution est unique. I1 en résulte donc que

Ta solution de 1'équation vectorielle {8) associée aux
conditions aux limites (9), (10) est égatement unique.

5 - Résolution, Résultats

L'ensemble des 8quations {8} donne lieu 3 un systéme
d'équations différentielles du type

M-(—l-?I+N?,‘=§ (11)
. dt

En posant i
$o-gamtan (12)

L'équation {11) exprimée 3 1'instant (n+l)At s'écrit
(%T + N)Knu - -§n+1+ %? An (13)

dont la réseolution & chague instant a été effectude au
moyen d'une méthode de Gauss-Seidel par blocs.

Ce calecul a été utilisé pour 1'étude de la répartition
de 1'induction dans un four de 1lm de long qui chauffe
des billettes carrées de 10 cm de c6teé. Le courant dans
les inducteurs est 3 la fréquence de 50 Hz. La figure 3
montre 1'intersection des surfaces d'induction par deux
pians de symétrie.
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6 - Conclusion

Le calcul que nous venons de présenter permet 1'é&tude
détaillée d'un four & dnduction. L'utilisation d'une mé-
thode d'éléments finis tridimensionnelle appliquée d ce
type de probléme présente 1'avantage de conduire § une
snalyse fine des phé&noménes et par conséquent & une
bonne simulation du four.

Bien gque le temps de calcul soit, d'une maniére générale,
relativement important, la forme simple du four ne néces-
site qu'un nombre raisonnable d'&iéments. 11 en résulte
alors que le temps de calcul demeure acceptable bien
qu'assez long actuellement.

Les résultats présentés dans cet article constituent une
premiére étape dans 1'étude des fours ; en effet, 3 par-
tir des grandeurs €lectromagnétiques ainsi calculées, il
est possible de connajtre la puissance dissipée en chaque
point et par conséquent Ta température de la pniéce chauf-
fée.
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