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Volume integral eddy current problem as a Friedrichs’ system
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The paper introduces Discontinuous Galerkin discretization of a volume integral eddy current problem by recasting it into a
Friedrichs’ system. A numerical example is given at the end.
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I. INTRODUCTION

THE Volume Integral Method is a general framework for
solving electromagnetic problems. It permits to discretize

only the active parts of the geometry but leads to full matrix
systems (i.e. with almost only non zeros coefficients). For eddy
current problems, the formulation introduced in [1] contains a
volume integral part and is usually discretized with the Partial
Element Equivalent Circuit (PEEC) method. It is a conforming
approximation with a circuit approach to ensure the condition
on the divergence of the current density.
The theory of Friedrichs systems’ is a general framework for
the discretization of systems of order one partial differential
equations. It was introduced by Friedrich [2] in 1958. In the
2000s, Ern and Guermond in a series of three papers [3], [4]
and [5] give a general theory for the Discontinuous Galerkin
discretization of these systems in the Finite Element context.
In the paper, we show that the theory of Friedrichs’ systems
can be used to describe the volume integral eddy current prob-
lem and leads almost naturally to a Discontinuous Galerkin
discretization. To our knowledge, this new framework is orig-
inal and allows non-conforming meshes with basis functions
of any order on each element. Moreover, this discretization
could be used efficiently to develop compression methods for
the volume integral part by tensors representation (e.g. tensor
train [6]) in order to deal with bigger problems and to obtain
more accuracy.

II. THEORETICAL FRAMEWORK

A. The volume integral eddy current problem

Let Ω ⊂ R3 be a bounded Lipschitz domain. Assume a0 ∈
L2(Ω;C3) (vector potential) is given. Following the work of
[1], we want to find (j, u) ∈ H(div,Ω) × H1(Ω) (current
density, scalar potential) such that ρj+ iωµg ∗ j+∇u = −iωa0, on Ω

∇. j = 0, on Ω
j . n = 0, on ∂Ω

(1)

at a given frequency ν > 0 (i.e. ω := 2πν) and with ρ, µ ∈
L∞(Ω;R) (resistivity, permeability) such that

ess inf
x∈Ω

ρ(x) =: ρ# > 0, ess inf
x∈Ω

µ(x) =: µ# > 0. (2)

We denote by ∗ the convolution and we define the Green kernel
of the Laplace equation in R3 by g(x,y) := 1/(4π||x−y||2)
(|| · ||2 is the euclidean norm). The normal vector field of the
boundary of Ω is denoted by n.

Remark II.1. (Constraint for the well-posedness). In the
problem (1), we need to ensure < u >Ω:= |Ω|−1

∫
Ω
u dx = 0

where |Ω| is the measure associated with Ω (see [5] for system
with partial coercivity). For the rest, we introduce the space
H1

∗ (Ω) := {v such that v ∈ H1(Ω), < v >Ω= 0}.

B. Friedrichs’ formalism

In this part, we show that our problem (1) is naturally
handled by the theory developed by Ern and Guermond (see
[3], [4] and [5]).
We start by denoting v := (j, u) ∈ V with V := H(div,Ω)×
H1

∗ (Ω) (we call it the graph space) and L := L2(Ω;C4). We
define also two orthogonal projectors Pj, Pu ∈ C4×4 such
that Pj(v) := (j, 0), Pu(v) := (0, u).
We can rewrite the system (1) as A(v) = f with the linear
operator A : V −→ L and f ∈ L. We have A(v) :=
K(Pj(v)) +D(v) with K(Pj(v)) := ρPj(v) + iωµg ∗ Pj(v)
and D(v) :=

∑
k∈{1,2,3} Dk∂kv such that

Dk :=

[
O3,3 ek
(ek)

T 0

]
, ∀k ∈ {1, 2, 3} (3)

where O3,3 is the zero matrix of R3 and ek ∈ R3 the k-
th vector of the cartesian basis. The matrix fields Dk are
constants so D is bounded in L and such that DT

k = Dk for
k ∈ {1, 2, 3}. The operator K is also bounded in L because
G(v) := g ∗v is continuous from L2(Ω;C) into L2(Ω;C) and
by assumptions on ρ, µ.
We introduce the formal adjoint of A as Ã(v) := K∗(Pj(v))−
D(v) where K∗(v) := ρv − iωµg ∗ v is the adjoint of K.
From the problem (1) we define the bilinear form a : V ×
L −→ C and the linear form l : L −→ C respectively such
that a(v, w) := (A(v), w)L and l(w) := (f, w)L.
In order to give a meaning to traces on the boundary for
functions in V , we define the operator N : V −→ V ′ such
that < N(v), w >V ′,V := (A(v), w)L − (v, Ã(w))L. Then
the operator N can be expressed in term of the traces on
H(div,Ω) and H1(Ω) (see [4]). In the following we assume
enough regularity on the solution so we can give a meaning
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to N in L2(∂Ω) := L2(∂Ω;C4×4). Thus, we define the
fields N ∈ L∞(Ω;C4×4) such that < N(v), w >V ′,V =
(N v, w)L(∂Ω). With this settings we have the coercivity up to
N . To fix this (see [3]), we define M ∈ L∞(Ω;C4×4) where
the new operator M − N respects the boundary conditions
(there are others assumptions, see [3]). In particular, the
following matrix fields are suitable for our problem:

N :=

[
O3,3 n
nT 0

]
, M :=

[
O3,3 n
−nT 0

]
(4)

This leads to the following weak problem (With V0 :=
{v such that v ∈ V, v ∈ ker(M−N )}):{

Find ξ ∈ V0 such that
a(ξ, v) = l(w), ∀w ∈ L

(5)

Theorem II.2. (Well-posedness). The problem (5) is well-
posed.

Proof. The framework for this proof is the Banach-Nečas-
Babuška theorem. Note that in our case, we have only the
partial coercivity on Pj. So the Poincaré-Steklov inequality is
needed to have a bound on Pu (see [5] for the proof).

It is also possible to show that if we take the bilinear form
abc(v, w) := (A(v), w)L+

1
2 ((M−N )v, w)L(∂Ω), we impose

weakly the boundary conditions and we solve the problem (1).

C. Discretization in Discontinuous Galerkin

We assume that Ω is discretized by a shape regular affine
mesh denoted by Qh with h > 0 a refinement parameter (more
general mesh can be considered). We denote by Fh the set of
all the faces of the mesh such that Fh = F∂

h ∪ F i
h with F∂

h ,
F i

h respectively the sets of all boundary and interface faces.
For every F ∈ Fh, we define the oriented normal vector as
nF .
We introduce the broken finite element space P b

k := {vh ∈
L∞(Ω;C4) such that vh|Q ∈ Pk

Q, ∀Q ∈ Qh} with Pk
Q a basis

of polynomials of degree k ≥ 0 on Q ∈ Qh. Our discrete
space is defined as Vh := P b

p × P b
q ̸⊂ V , with p, q ≥ 0.

The jump and average operators are defined respectively by
JvKF := v|Qp

− v|Qq
and {v}F := 1

2 (v|Qp
+ v|Qq

) with
F = ∂Qp ∩ ∂Qq ∈ F i

h.
To design a suitable discrete bilinear form, we define a discrete
flux by reproducing the behaviour of our problem on an
element Q ∈ Qh. Then, we sum over each mesh cells and
we obtain the discrete bilinear form

abch (vh, wh) :=(Ah(vh), wh)L

+
1

2
((M−N )vh, wh)L(∂Ω)

−
∑

F∈Fi
h

(N|F JvhKF , {wh}F )L(F )

(6)

In order to improve the error analysis (see [3]) and to better
ensure the boundary conditions, we add the penalization on the
interface γh(vh, wh) :=

∑
F∈Fi

h
(Si

|F JvhKF , JwhKF )L(F ) and
we define the new operator M∂ := M+S∂ with the penalty
fields Si, S∂ ∈ L∞(Ω;C4×4) (see [3] for the assumptions on

Fig. 1. Comparison between MIPSE and the Discontinuous Galerkin dis-
cretization for a regular mesh with 400 quadrangles. The parameters µ and ρ
are respectively the permeability of the air and the resistivity of the copper.

Si and S∂).
In our case, these two penalty fields can be chosen as

S∂ =

[
η1n⊗ n Od,1

OT
d,1 0

]
, Si

|F =

[
η2nF ⊗ nF Od,1

OT
d,1 η3

]
(7)

where η1, η2, η3 > 0 are user dependant constants which can
depend to the size of mesh cells.
This leads to the discrete problem (with astbh (vh, wh) :=
abch (vh, wh) + γh(vh, wh)):{

Find ξh ∈ Vh such that
astbh (ξh, wh) = l(wh), ∀wh ∈ Vh

(8)

Remark II.3. The problem (8) is consistent by construction.

Theorem II.4. (Well-posedness). The discrete problem (8) is
well-posed.

Proof. It consists to prove the inf-sup conditions with a
suitable norm || · ||Vh

(see [3]).

III. NUMERICAL EXPERIMENTS

Let Ω := [0, 3.10−2]2×[0, 35.10−6] (in meters), Vh = P b
1 ×

P b
1 with Lagrange polynomials and η1 = η3 := 10, η2 := 100.

Then, we compare our results to the conforming approach [1]
in (Fig.1). We obtain less than 1% of error on the computation
of Joule losses for all frequencies considered.
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