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Proper orthogonal decomposition is a widely used method for model order reduction, offering an efficient means to simplify complex 

systems. However, it has certain limitations, particularly in handling nonlinear problems and its reliance on fixed time-step computations 

in the time domain, which can be computationally inefficient. This paper presents an enhanced model order reduction approach based 

on proper orthogonal decomposition, incorporating adaptive time-stepping to address these challenges. The proposed method corrects 

the time step size using truncation error, the degree of nonlinearity is considered in updating step size to improve convergence. To validate 

the approach, a converter transformer is used as a case study, demonstrating the effectiveness of the adaptive time-stepping model in 

evaluating the insulation state under polarity reversal conditions. 

 
Index Terms—Adaptive time-stepping, model order reduction, nonlinear system, proper orthogonal decomposition 

 

I. INTRODUCTION 

HE polarity reversal of converter transformers, which 

occurs within a short time, poses a significant insulation 

hazard, potentially compromising operational safety. Accurate 

estimation of the insulation state during the design stage is 

crucial but presents several challenges. Firstly, the large size of 

converter transformers and the presence of intricate 

components result in a computational burden [1]. Secondly, 

polarity reversal tests focus on rapid electric field variations 

during the reversal process [2], while much of the test duration 

involves relatively stable conditions. This makes fixed time-

step simulations inefficient and uneconomical. 

To address these challenges, this paper proposes an adaptive 

time-stepping model order reduction approach. The method 

employs proper orthogonal decomposition to construct a 

reduced-order model and adaptively adjusts the time step size 

by accounting for the degree of nonlinearity. 

II. EQS PROBLEM IN POLARITY REVERSAL 

 
Fig. 1. Voltage curve in polarity reversal test. 

Converter transformers can experience polarity reversal 

conditions, characterized by rapid changes in voltage polarity 

within a few seconds, as depicted in Fig. 1. This voltage 

excitation can be considered a low-frequency phenomenon. In 

oil-paper insulation systems, which exhibit low conductivity, 

conduction current densities and displacement current densities 

have comparable magnitudes. Furthermore, the influence of 

magnetic field variations on the electric field strength is 

negligible. Consequently, the insulation behavior can be 

accurately modeled using the electro-quasi-static (EQS) field 

approximation, as described by the following equation  
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where  is the electric potential;   is the permittivity and  is 

the nonlinear conductivity depending on electric field. 

After applying time and spatial discretization using the finite 

element method, the governing equation is formulated as: 

(𝑲𝝐 + Δ𝑡𝑲𝜸(𝜑))𝝋𝑚+1 = 𝑲𝝐𝝋𝑚 (2) 

where 𝑲𝝐  is the permittivity matrix, 𝑲𝜸  is the conductivity 

matrix, and 𝑚 is the 𝑚-th time step. 

III. ADAPTIVE TIME-STEPPING MODEL ORDER REDUCTION 

A. Proper Orthogonal Decomposition 

The proper orthogonal decomposition method is employed to 

develop this reduced-order model for EQS problem. Based on 

few samples, the orthogonal basis would be generated by 

singular value decomposition [3], which would provide 

reduced-order subspace to solve unknow variable: 

𝑨 = 𝑷 [
𝜆1

𝜆2
⋱

]𝑽H (3) 

where 𝑷 is a sample matrix containing time-domain snapshots, 

and 𝑽 is an orthonormal matrix . Diag(𝜆1, 𝜆2, … ) contains 𝑁𝑚 

singular values capturing the most energy of the system, usually 

𝑁𝑚 ≪ 𝑁𝑠 (𝑁𝑠 is the degree of freedom of this system). 

By the orthogonal basis, the unknown variable can be 

approximated by  

𝝋𝑚 = 𝑷𝜶𝑚 (4) 

where 𝜶𝑚 is an unknown variable after order reduction. 

Substituting (4) into (2) and multiplying the matrix 𝑷T, the 

governing equation in reduced order way is shown as: 

𝑷T (𝑲𝝐 + Δ𝑡𝑲𝜸(𝜑))𝑷𝜶𝑚+1 = 𝑷
T𝑲𝝐𝑷𝜶𝑚 (5) 

T 



It is noteworthy that while the unknown variables are 

computed within the reduced-order subspace, a full-order 

update is necessary for each time step to account for 

nonlinearity. 

B. Adaptive Time-stepping Scheme 

In the polarity reversal test, the DC process typically extends 

over 90 minutes, while the reversal process occurs within tens 

of seconds. Besides, the electric field undergoes significant and 

rapid changes during the reversal process, smaller time steps are 

needed to accurately capture these dynamics. Conversely, larger 

time steps can be effectively utilized to observe the DC process. 

Consequently, an adaptive time-stepping algorithm provides a 

more economical and accurate approach compared to a fixed 

step size method for the scenario of polarity reversal. 

At the m-th time step, the truncation error 𝑅𝑚 is evaluated by 

[4] 
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2
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where ℎ𝑚 is the step-size, namely ℎ𝑚 = 𝑡𝑚 − 𝑡𝑚−1, and 
𝜕2𝜑(𝜁)

𝜕𝑡2
 

is solved by previous results. 𝜁 is any constant between 𝑡𝑚−1 

and 𝑡𝑚, namely 𝜁 ∈ (𝑡𝑚−1, 𝑡𝑚). 

Since 𝑅𝑚 ∝ ℎ𝑚
2 , the truncation error for the (𝑚 + 1)-th time 

step, 𝑅𝑚+1, will also be proportional to the square of the step 

size ℎ𝑚+1 at the (𝑚 + 1)-th time step: 

𝑅𝑚+1 =
ℎ𝑚+1
2

12

𝜕2𝜑(𝜁𝑚+1)

𝜕𝑡2
=
ℎ𝑚+1
2

12

𝜕2𝜑(𝜁𝑚)

𝜕𝑡2
=
ℎ𝑚+1
2

ℎ𝑚
2
𝑅𝑚. (7) 

To ensure that the truncation error at the (𝑚 + 1)-th time step, 

𝑅𝑚+1 remains within the specified tolerance (𝑅𝑚+1 < 𝑅𝑐). The 

following approach can be adopted. 

ℎ𝑚+1 ≤ ℎ𝑚√
𝑅𝑐
|𝑅𝑚|

. (8) 

Introducing a safety coefficient 𝐾𝑠𝑓 ∈ [0.8,0.9]  yields the 

following: 

ℎ𝑚+1 = 𝐾𝑠𝑓ℎ𝑚√
𝑅𝑐
|𝑅𝑚|

. (9) 

The moment of the (𝑚 + 1) -th time step is determined as 

follows: 𝑡𝑚+1 = ℎ𝑚+1 + 𝑡𝑚. 

C. Step Size in Nonlinear System 

In nonlinear systems, it is crucial to consider the degree of 

nonlinearity when determining the time step size, which 

impacts the convergence rate of the computation [5]. 

Consequently, a correction coefficient involving the nonlinear 

degree is introduced. 

𝛼 = max 𝛼𝑛 = max
‖𝝋𝑚−𝝋𝑚−1‖

‖𝝋𝑚−1−𝝋𝑚−2‖
(10) 

where 𝛼 is the correction coefficient. If 𝛼 exceeds 1, it indicates 

significant variation in the results within the current time step. 

Consequently, the next time step size should be decreased to 

improve solution accuracy. Conversely, if 𝛼 is less than 1, the 

results exhibit minimal variation, suggesting that the current 

time step size can be safely increased to enhance computational 

efficiency. 

By the correction coefficient, the step size is defined as: 

ℎ𝑚+1 =
𝛼𝑟𝑒𝑓

𝛼
𝐾𝑠𝑓ℎ𝑚√

𝑅𝑐
|𝑅𝑚|

. (11) 

IV. APPLICATION 

A converter transformer model is utilized as a case study to 

investigate insulation performance under polarity reversal 

conditions. In this scenario, the valve-side winding is subjected 

to a polarity reversal, as illustrated in Fig. 1, while the grid-side 

winding and the oil tank are grounded. Employing an adaptive 

time-stepping model, the electric potential distribution within 

the converter transformer is analyzed and presented in Fig. 2. 

The variations of electric potential along time is depicted in Fig. 

3. 

 

 
Fig.2. Electric potential distribution.   Fig.3. Electric potential along time. 

V. CONCLUSION 

This paper introduces an adaptive time-stepping approach for 

model order reduction, specifically tailored to systems 

exhibiting nonlinear behavior. The proposed method utilizes 

proper orthogonal decomposition and incorporates a novel 

strategy for updating the time step size based on the degree of 

nonlinearity within the system. To demonstrate the efficacy of 

this approach, a converter transformer is employed as a case 

study. The implementation and results of this method, including 

the distribution of electric fields, are presented. 
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