Analytical solutions for material design
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The electromagnetic response of devices as dielectric resonator is determined by resonant modes. It turns out that methods capable
of properly designing scatterers to achieve prescribed resonance modes at prescribed frequencies are of great interest, enabling precise
control of the electromagnetic field by taking advantage of improvements in the fabrication of meta-materials.

In this contribution, a new design method is proposed to compute the dielectric permittivity tensor of a scatterer exhibiting
prescribed resonance modes, at prescribed frequencies. The dielectric permittivity is computed via an explicit and analytical formula
that, moreover, highlights two relevant results: (i) only two distinct modes can be prescribed at the same resonance frequency, and
(i) the electromagnetic response can be changed at will (tunability) by scaling the dielectric susceptivity by a proper multiplicative

constant.

Index Terms—Inverse spectral problem, material design, meta-materials, tunability.

I. INTRODUCTION

Anisotropic materials and materials with continuous spa-
tially varying electromagnetic properties are the key to obtain
a variety of different electromagnetic phenomena that can be
conveniently exploited in applications. The recent progress in
fabrication of meta-materials [1] made it possible to practically
implement this kind of materials, leaving the space for the
design of devices exhibiting desired electromagnetic behavior.
As discussed in [2], [3], anisotropic and inhomogeneous mate-
rials offer, among the others, the possibility to scatter incident
electromagnetic fields in a prescribed way.

The design of materials with a prescribed electromagnetic
response is mainly conducted via iterative optimization meth-
ods, which allow to take into account fabrication constraint also
[4], [5]. However, these methods suffer from some limitations
related to the high computational cost of full-wave electromag-
netic simulations.

In this contribution, a different approach is proposed based
on the possibility to analytically solve the design problem,
giving an explicit formula to obtain the material property
realizing the prescribed electromagnetic response.

The problem of interest is the design of anisotropic and in-
homogeneous materials exhibiting prescribed resonance modes
at prescribed frequencies. Resonance modes play a key role
for different devices, such as plasmonic and dielectric nano-
resonators [6].

Furthermore, the proposed method allows to design tunable
materials in which, by scaling the dielectric permittivity by a
multiplicative coefficient, it is possible to change the electro-
magnetic response, i.e. the resonance mode which is excited
at a given frequency.

The analytical solution of the proposed method allows, also,
to highlight the concept of essential modes: due to physical
limitations, at most two different modes can be prescribed at
the same resonance frequency.

II. MATHEMATICAL FORMULATION

The aim of the design method is to determine the dielectric
permittivity tensor x of a bounded scatterer placed in free

space, in such a way that it exhibits prescribed resonance
modes at prescribed frequencies (see Figure 1). The scatterer
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Fig. 1. Bounded dielectric scatterer placed in free-space. The method finds the
dielectric permittivity x to achieve prescribed resonance modes at prescribed
frequencies.

occupies the region €2, a e/ behavior is assumed for the fields
and the dielectric is considered linear, anisotropic, inhomoge-
neous, non spatially dispersive and non-magnetic. Under these
assumptions, the constitutive relationship is

P(r,w) = gox(r,w)E(r,w), (D

where P is the polarization density, E is the electric field
and w is the angular frequency. Consequently, the scattering
is governed by the following equation

ix—lp —E(w)P =FE' 2)
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The (2) is obtained starting from (1) by splitting the total
electric field E in the sum of incident field E* and of ET,
which is the field due to P and recalling that EF = £(w)P,
where £(w) is a linear integral operator [7].

A resonance mode is a non-trivial solution P of the reso-
nance mode equation

E(w)P = iX_lP, 3)
€o

obtained by zeroing the incident field term in the governing

equation. In this contribution, a generalized form of the (3) is
considered

1
E(w)P = ng‘lP, 4)



in which the eigenvalue £ € C is added in order to obtain
tunable materials, which is one of the goal of the design
method.

III. DESIGN METHOD

Given a set of prescribed resonance modes, as triplets
(Wi, &k, Pr)k, the design method consists in two distinct
phases. As first step a solution y of equation (4) is computed
for each different prescribed frequency and, then, the overall
frequency response of the dielectric is obtained by a proper
interpolation.

For a fixed frequency w, the solution of Equation (4) is [8]

X Hr,wp) = Z Fl,m(r)[g()g(wlgl)Pl](r)

l,m=1
in which the only unknown quantities are the coefficient I'; ,,,
that can be easily computed.

As it can be seen, the sought dielectric permittivity tensor
can be obtained by an explicit and analytical formula, which
allows to solve the design problem without the need of any
optimization scheme.

The tunability of the designed material is, instead, ensured
by the presence of the eigenvalue &. The key observation is that
if &, Py and x are solution of the generalized problem (4),
then &, !y and Py, are solution of the resonance mode equation
(3). For example, if the design is conducted for two triplets
(w1,&1 = 1,Pq) and (wq,& = 10,P3), then the material
X resonates at the frequency w; on the mode P, while the
material x/10 resonates at the frequency wo on the mode Ps.
This ensures that the electromagnetic response of the scatterer
can be controlled by simply scaling its dielectric permittivity
in a controlled manner.

The application of the design method is exemplified in
Figure 2. A dielectric cylinder with square cross-section is
designed to exhibits three different modes resembling the num-
bers “07, “1”, “27at three different frequencies. The tunability
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Fig. 2. Polarization density fields induced in a translation invariant cylinder
with square cross section. In the first row the permittivity is equal to x, for
& = 1, while in the second one the permittivity is equal to x/2, for & = 2.

is clearly demonstrated. Indeed, the panels (a-c) refer to the
electromagnetic behavior of a scatterer characterized by a

dielectric permittivity equal to x (£ = 1), while the panels
(d-f) refer to a scatterer with dielectric permittivity equal to

X/2 (£ =2).
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Fig. 3. Real part of the designed x 7, for the first frequency (first column
of Figure 2)

The expression (5) enables to introduce the concept of
essential mode, also. Due to the physical limitations, it is
possible to prove that at most two different modes can be
prescribed for a given angular frequency. This is significant
because it allows to rigorously define the limitation in the
material design.

IV. CONCLUSIONS

In this contribution a new method for the electromagnetic
resonance design of dielectric materials is presented. The
method gives an explicit formula to obtain the dielectric per-
mittivity tensor of a material exhibiting prescribed resonance
modes at prescribed frequencies. Furthermore, the methods
allow the synthesis of tunable materials and it clearly demon-
strates that at most two different modes can be prescribed for
a prescribed frequency.
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