On Modeling the Magnetoelectric Properties of a Myelinated Axon
using the Finite Element Method
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We present a finite element modeling of magnetoelectric properties of a myelinated axon. Results are compared against an analytical
solution for the case of an axon exposed to a homogeneous electric field. We achieve a mean relative error below 0.3% and a normalized

root mean square deviation below 0.5%.

Index Terms—Analytical models, Axons, Finite element methods, Magnetoelectric effects, Myelin.

I. INTRODUCTION

N THE HUMAN NERVOUS SYSTEM, axon fibers con-

nect the bodies of nerve cells and enable electrical signaling.
An isolating sheath called myelin surrounds the axons to
facilitate rapid transmission of action potentials [1] and to
provide metabolic support [2]. Damages to the myelin sheath
occur in various neurological disorders and lead to loss of ax-
onal function [3]. Myelinated tissue constitutes approximately
25% of the brain, substantially influencing its electromagnetic
properties, which are crucial for diagnostic and therapeutic ap-
plications. Consequently, evaluating myelin under both normal
and pathological conditions is critical for clinical diagnosis and
neurophysiological research.

The myelin sheath is characterized by its dielectric permit-
tivity [4] and magnetic susceptibility [5]. The influence of the
magnetic susceptibility in myelin on the perturbation of the
magnetic field has been studied in [6]. The transmembrane
potential of the sheath-covered axonal segment under the
transverse electric field stimulation accounts for a dielectric
permittivity of myelin [4]. However, recent research shows that
biological cells act as soft magnetoelectric materials [7]. These
materials have the ability to magnetize under the application of
an electric field and electrically polarize under the application
of a magnetic field. Specifically in neuronal cells, a cou-
pling of the magnetic and electric fields may pose significant
consequences to processes like magnetoreception. We expand
the existing models of myelinated axons by coupling electric
and magnetic fields in a myelin sheath. We calculate the
induced magnetic flux density vector inside the myelination,
intra-axonal and extra-axonal medium, exposed to a transverse
electric field.

The model description is given in section II. Finite element
and analytical solutions are presented in sections III and IV,
respectively. Numerical results and discussion are given in
section V.

II. MODEL DESCRIPTION

extra-axonal

Fig. 1. Magnetoelectric model of a myelinated axon exposed to an external
homogeneous electric field Eop.

We model the myelinated axon as a two-layer cylinder
with an inner and outer radius of a myelin sheath equal to
a = 0.3um and b = 0.6um [8], respectively (Fig. 1). For
the intra- and extra-axonal media we assume a permittivity of
1,63 = 6.4-10719As/Vm [4] and a permeability of free space
11, g = o = 4m-10~"H/m [5]. We model the myelin sheath
with a permittivity e5 = 4.4- 10~ As/Vm [4] and a magnetic
susceptibility of x = —10~° [5]. The magnetoelectric coupling
factor is {3 = /peafia, where the level of bi-isotropic effect
is set to p = 0.2. The axon is exposed to a homogeneous
electric field Ey = 200V/m in z—direction. The myelin sheath
is considered as Tellegen medium [9]:

By = poHo+ & By (D
Dg = €2E2 +§2H2 (2)

III. FINITE ELEMENT SOLUTION

We provide a finite element solution of the electric and
magnetic field distributions in the myelin sheath and intra- and
extra-axonal medium. We used COMSOL Multiphysics® (v6.2)
[10]. The model is realized using the modules “Electrostatics”
and “"Magnetic Fields, No Currents” simultaneously. The non-
magnetoelectric material properties in medium 1 and 3 are
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configured using the constant permittivity and permeability
values under the “Constitute Relation E-D” and “Constitute
Relation B-H”, respectively.

The magnetoelectric properties of the myelin sheat are
modeled through “Remanent flux density” and “Remanent
electric displacement”. The permeability o is added as “Recoil
permeability fi,..”. For the "Remanent flux density norm” we
added “xi * es.normE”, where ”xi” stands for the value of
¢ and “es.normE” for the norm of the electric field vector.
The “Remanent flux direction” is specified in the direction
of the electric field vector by entering “es.Ex/1[V/m]” and
”es.Ey/1[V/m]” to the respective columns. These expressions
return each component of the electric field vector without its
unit. For establishing equation (2) we supplied "zixm fnc. Hx”
and "zixm fnc. Hy” for the "Remanent electric displacement”,
with the latter factors representing the components of the
magnetic field.

IV. REFERENCE ANALYTICAL SOLUTION

To validate the numerical results, we solve the Laplace equa-
tion analytically using the method of separation of variables.
Electric and magnetic scalar potentials are represented by the
following expressions:
e = cos(a)Cr, o, = cos(a)Kr,r <a
e = cos(a)(Dr +F/r), pm = cos(a)(Lr + M/r),a <r <b
e = cos(a)(—Eor + G/r), pm = cos(a)(N/r),b<r  (3)
where r = \/22 + y? and o = atan2(y, x). The constants will

be given in the full version of the paper. Expressions (1) and
(2) yield the vectors B and D.

V. RESULTS AND DISCUSSION

The mean relative error (RE) with standard deviation (SD)
and the normalized root mean square deviation (NRMSD)
for the norms of the vectors E and B are represented in
Table 1. The mean RFE is below 0.3% and a NRM SD below
0.5%. Due to magnetoelectric properties of a myelin sheath,
the magnetic flux density occurs applying an external electric
field. The distribution of the norm of a magnetic flux density
vector is represented in Fig. 2. The field norm is constant in
the intra-axonal medium. The norm of the electric field along
the x-axis is represented in Fig. 3. It is largest in the myelin
sheath.

TABLE I .
MEAN RE [%] WITH SD AND NRM SD [%] FOR THE NORMS || E/|| AND
IB]].
Mean RE [%] (SD) NRMSD [%]
£ 1Bl ILE] 1Bl
Intra-axonal 0.0551 (0.0177)  0.1368 (0.0080) - -
Myelin sheath ~ 0.1936 (0.3141)  0.1196 (0.0393)  0.1496  0.4755
Extra-axonal 0.0910 (0.1452)  0.2517 (0.2182) 0.0789  0.1650

VI. CONCLUSION

Finite element model can account for magnetoeectric prop-
erties of a myelinated axon. In the full paper we will expand
the model to use anisotropic electromagnetic quantities for the
myelin sheath [11], to account for its layered structure.
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Fig. 2. Distribution of the norm of magnetic flux density vector in a myelin
sheath and intra- and extra-cellular medium.
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Fig. 3. Distribution of the norm of electric field vector along the x—axis in
a myelin sheath and intra- and extra-cellular medium.
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