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In the paper, we show that volume integral operators discretized in Discontinuous Galerkin can be interpreted in tensor
representations and we give the idea for a new assembly strategy. A numerical example illustrates the compression and the

computational time obtained.
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I. INTRODUCTION

HE Volume Integral Method (VIM) is a general frame-

work for solving electromagnetic problems. It permits to
discretize only the active parts of the geometry but leads to full
matrix systems (i.e. with almost only non zeros coefficients).
Thus, the compression of the volume integral operator is a
fundamental part of the discretization in the VIM. It must also
incorporates efficient algebraic properties in order to reduce
the computational cost for solving the linear system.
Several methods were created in order to handle this difficulty
(e.g. the Fast Multipole Method and Hierarchical matrices
[1]). In this work, the paradigm adopted is the one of ten-
sor representations (in particular the tensor train [2]). These
representations allow to compress efficiently tensors defined
on algebraic spaces and lead to powerful algebraic properties
(e.g. solvers of linear systems [3]). In [4], it is shown that
these notions can be extended on functional spaces.
In high frequency electromagnetism, some first attempts were
realised (see [5]). Here, we have in mind electrostatic, mag-
netostatic and eddy current formulations as in [1] and [6].
We adopt a Discontinuous Galerkin point of view for the
discretization because it is well adapted to the assembly proce-
dure that we give in the paper. It allows also to consider more
general meshes which is a limitation of tensor representations
for the compression of volume integral operators (because
of the number of degrees of freedom). The Discontinuous
Galerkin discretization of the formulation in [6] is presented
in [7]. The extension of this work would be to solve the linear
system (with the algorithm in [3]).

II. TENSOR REPRESENTATION

A. Tensor train

Let A € C™"* %" be a d-dimensional tensor. The tensor
train representation [2] of A is given by (with the multi-index
i:=(i1,...,1q))

Ai=Y_ Cilko,iv, k1) .. Calka—ryiaska) (D)
k=1

with C; € C"i=1*™>"t (kg = kg := 1 to make uniform the
notations) the [-th core and the integer r; the [-th rank.

If n := n; and r := r;, the number of coefficients in the
tensor train representation is dnr? while in the canonical
representation it is n<.

To compute the tensor train representation, we can use the
tt-svd and the tt-cross algorithms (see respectively [2], [8]).
It is also possible to compress a given tensor in tensor train

representation with the rounding procedure (see [2]).

B. Tensorisation

After the discretization of a volume integral operator, we
obtain a matrix A, € C"*™ where n is the number of
unknowns in the mesh. This does not allow to use efficiently
the tensor train representation. To fix this, we assume that
n= HZ:1 pr and that n is not a prime number.

C. Interpolation of functions

The tensor train representation presented in [2] is con-
structed to deal only with objects of algebraic spaces. Thanks
to the framework developed in [4], it is possible to represent,
in particular, functions in tensor train.

Let f € L2(I) where I := [0, 1] and {J)") I, a subdivision
of I (with m := 2%). It is possible to define an operator
Ty q: L2(I) — (R, R?) ® L*(I) such that Ty 4(f) =: F
(see [4]). Note that T 4 is an isometry and a continuous
version of the tensorisation principle (i.e. increase the number
of dimensions of a tensor).

Let Vg := Span(¢y,...,¢s) C L*(I) be a finite dimensional
approximation space (e.g. a space of polynomials). Follow-
ing [4], we define the tensor train approximation F,(x) =
Ziszo Ci ks Ors () of F' where

r

Cins = Y c1(koyin, k1) ... casr(ka, ks, kag1).  (2)
k=1
Note that everything in this part holds for compact domains
Q) where a partition in m elements is available (and m is not
a prime number).
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III. VOLUME INTEGRAL OPERATORS
A. Representation in Discontinuous Galerkin

Let Q C R? be a bounded Lipschitz domain discretized by

Q= U;:(Jl Qg with n := 29, d > 1 and where @Q, is a quad-
rangle. We define the mapping f, : Qref := [0, 1]> — Q, and
assume that |det.Jy (x)| = K, K >0and g € {0,...,n—1},
for the simplicity (i.e. Q is regular). Our aim is to compress
the volume integral operators in [1] and [6]. This operator is
defined as P : L?(Q) — L?(Q) such that P(v) := g x v
where * denotes the convolution and g is the Green kernel of
the Laplace equation in R? (i.e. g(x,y) := 1/(47||x — y||2)
with || - ||2 the euclidean norm). In the paper, we consider
scalar-valued functions v although it can be vector-valued. The
generalization is straightforward.
We denote by V}, the Discontinuous Galerkin approximation
space. Note that dim(V},) = np where p is the order of the
Lagrange basis per element. After the discretization, the tensor
to assembly is

Aijis,js = /Q Vj,55 (X) / 9(x,¥) Vi (y) dydx  (3)

where 4,4, denotes the ggs-th basis function of (Qgq. The
integration by parts formula gives

g =K [ 0500 [ Guyley)oisi(y) dyd
Qret Qref

“4)
where G j(x,y) = g(f;(x), fi(y)). We recognize the tensori-
sation of a function defined above with T5 4 (i.e. G = T» 4(g)).
For the assembly, we consider firstly the part of A where i # j
(to avoid singularities on ). To achieve this we introduce G*
such that

Gi,j(xa Y)7
S(iv X, Y)v

ifi#£]
else

Gij (Xa y) = (5)
where s is a function which permits to avoid singularities
on G. The interpolation of G* can be done and gives
G35 ¥) = 35 o Ciukante @ (X)915 (y). In practice, the
space of approximation can be a Lagrange polynomial space.
If we define these basis functions at Gauss points, we avoid
inaccuracies link to the interpolation of G*. The tensor C is
computed by a tt-cross on the values of G® at Gauss points.
Then it is possible to assembly the tensor .4° (by computing
integrals in (4)) which is equal to .4 when i # j. Then by
adding a correction on the i = j part, we obtain .4 in tensor
train representation. Note that the only approximation in the
computation of A is in the tt-cross procedure for C.

IV. NUMERICAL EXPERIMENTS

For the experience, €2 := [0, 1] and we discretize it with a
regular grid. We take order one Lagrange basis for V}, and for
the interpolation of the Green kernel.

For simplicity, we define s as s := 6, § > 0 and we choose
the parameter to optimize the computation of A (it changes
the accuracy and the compression of the approximation). In
our case, 6 := 10*. It could be interesting to look for more
general cutoff functions who remove singularities and lead to

Degrees of freedom (np) \ Accuracy \ Assembly time (s)

216 ~ 7.10% 1,39.10~7 91,68

218 ~ 3.10° 7.10~7 146, 8

220 ~ 106 2,44.107 273,1

222 x 4.108 1,61.10~7 553
ABLE I

ASSEMBLY RESULTS IN ACCURACY AND COMPUTATIONAL TIME FOR
DIFFERENT n.

| -m- Tensor train compression ¥
% Full tensor NS
- Theoretical complexity ... ¥

Number of coefficients in the tensor

216 217 218 219 220 221 922
Number of degrees of freedom

Fig. 1. Assembly results for the compression for different n. The accuracy
of tt-cross and rounding procedures is 1078,

the best trade of between accuracy and compression.

In order to evaluate the accuracy of the assembly, which is
linked to the approximation on C, we randomly select 7qegt
pairs of Gauss points (located in Q4 X @, ¢ # r) and compare
with the values of g. Here, ngest := 504/n.

In (Tab.Il) and (Fig.1), some results are given for the accuracy,
the computational time and the compression. It takes less than
10 min to assembly the operators for more than 10 degrees of
freedom. For the compression, the tensor train representation
has a complexity almost in plog,(n) instead of the exponential
complexity of the canonical representation.
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