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A frequency-domain finite element method incorporating Generalized Sheet Transition Conditions(GSTCs) is proposed, which is
rather simple and perticular well-suited for the multiscale simulation of magnetically coupling resonant wireless power transfer (MCR-
WPT) system. The discontinuities in electromagnetic fields across a metasurface as represented by the GSTCs are modeled by assigning
nodes to one side of the metasurface. The FEM-GSTCs formulation is derived and implemented. For simplicity, the proposed formulation
is presented for analysis of 2-D problems consisting of monoisotropic metasurfaces. The extension of this method 3-D problems or

bianisotropicmetasurfaces is straightforward.

Index Terms—Metasurfaces, Finite element analysis, Frequency-domain analysis, Wireless power transmission.

1. INTRODUCTION

METASURFACES have been the popular research topic in
wireless power transmission and millimeter-wave fields
during the past twenty years!'l. However, the simulation of
metasurfaces is a typical multiscale problem, as the structure of
metasurfaces is usually much smaller than the wavelength,
while the size of wireless energy transmission systems is
usually comparable to the wavelength. Therefore, accurate
modeling of metasurface-coupled wireless energy transmission
systems requires huge computational resources. Generalized
Sheet Transition Conditions (GSTCs) is a widely used
homogenization technique that simplifies the modeling of
metasurfaces with complex?l. Some previous researches have
applied the GSTCs to modeling metasurfaces in
electromagnetic simulation in recent years. The spectraldomain
integral equation (IE) with GSTCs and FDTD method with
GSTCs is proposedBl. However, metasurfaces considered in
these numerical methods are restricted to simple geometry.
Therefore, a FEM-GSTCs is proposed in this paper for the
multiscale simulation of magnetically coupling resonant
wireless power transfer (MCR-WPT) system.

II. FREQUENCY-DOMAIN FINITE ELEMENT METHOD WITH
GSTCs

A. Susceptibility Modelling of Metasurface

The frequency-domain GSTCs for a metasurface models the
effects of the metasurface scattering particles in terms of
effective polarizations. The metasurface is assumed to be a
zero-thickness sheet producing a discontinuity in the tangential
components of the E and H fields across the surface. For a
metasurface placed perpendicular to the z-direction of a
cylindrical coordinate system, The frequency domain GSTCs
excluding the excitation of normal polarizations are given by!®
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Where V| =1x0/0x+70/0y . P and M are the electric and

magnetic polarization densities, respectively, and is expressed
as
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Where P (C/m?) is the material polarizations via the electric
polarization density vector, M (A/m) is the magnetic
polarization density vector, g and 7o are the vacuum
permittivity and impedance, respectively. ¢y is the speed of light

in a vacuum, and %, , Xm> Xem and x,. are the electric,

magnetic, magnetic-to-electric, and electric-to-magnetic
susceptibility tensors, respectively. The average fields H,, and
E., are the arithmetic average of the fields on the two sides of
the metasurface,
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where the superscripts i, 7, and ¢ denote incident, reflected and
transmitted fields.

For a large number of practical metasurfaces, Pz=Mz=0[],
and hence the susceptibility tensors reduce to 2 x 2 transverse
tensors, substitution of (3) and (4) into (1) and (2) results in
bianisotropic GSTC synthesis equations in the frequency-
domain as
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In this work, we consider the homoanisotropic
metasurface, which possesses only diagonal nonzero

susceptibility tensors. Therefore, the homoanisotropic GSTCs
are obtained as
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Where AH, =H,,—(H,;+H,,), and so on. A metasurface

with the susceptibilities in (9)-(12) will exactly produce the
specified reflected and transmitted transverse components of
the fields when the metasurface is illuminated by the specified
incident field.

B. Formulation of GSTC-Finite Element Method

As a time-harmonic electromagnetic field under sinusoidal
steady state, the governing equations for a magnetoquasistatic
MCR-WPT system are given by Maxwell’s equations:

VxH=0cE+J_, (13)
VxE =—jouH, (14)
V-B=0. (15)

Alongside these equations, we also consider the constitutive
relations,
B = uH. (16)
Applying Galerkin’s method to (13)-(15) results in a system
of equations for nodal values of Hy, which can be written as
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Fig.1. FEM 2D computational domain with a metasurface
For demonstration, consider the case of a 2-D computational
domain with a metasurface lying in-between two rows of nodes,
as depicted in Fig. 1. In order to satisfy the condition of zero
thickness, it is necessary to incorporate the metasurface as a

virtual entity within the grid by placing it in between field nodes.

The presence of the metasurface is then considered by
interconnecting the nodes before and after the metasurface via
the GSTCs. Expanding the expressions of the average and
difference of the fields in (9)-(12), we get
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The discontinuity induced by the metasurface is then
incorporate by defining a virtual node at z = 0+ such that f;(”

and H'*" are used instead of H}/and H'/ in (13), also E;*

and E/** are used instead of £}/, and £}/ in (14).

III. NUMERICAL EXAMPLE

To facilitate the verification of the proposed method, we
consider a 2-D axisymmetric computational problem as shown
in Fig. 2. The distribution of magnetic field is observed for the
case where the metasurface is at the center between the
transmission and receiver coils (0.15m from the coils).
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Fig.2. A Metasurface-coupled MCR-WPT system
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Fig.3. Magnetic flux density of the MCR-WPT system
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