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The implementation of fast multipole method (FMM) requires querying neighbor and interaction cells in a hierarchical tree, which
can be complicated when the tree is unbalanced. We present a fast and easy-to-implement method to query neighbor and interaction
cells in unbalanced trees. By uniformly splitting and indexing the coordinate axes of each layer, the coordinates of the tree nodes
are converted into Morton codes, and the querying neighbor querying can be readily realized by bit-shifting the Morton code, which
allows fast neighbor and interaction cells querying.
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I. INTRODUCTION

FAST multipole method (FMM) is an efficient algorithm
when solving N-body interaction problems, which relies

on hierarchical tree structures for spatial decomposition and
neighbor queries. When handling the non-uniform distribution
of sources, unbalanced tree structures are typically involved,
which become expensive for neighbor querying. To address
the issue, various methods have been developed, including
adjacency queries based on graph theory [1], shortest path
queries [2], cell coordinate computation [3], and ray intersec-
tion algorithms [4], to name a few, which are expensive and
inefficient in FMM. Here, we propose a simple and efficient
neighbor construction method based on Morton coding with
only bitwise operations, mitigating complicated algorithms.

II. THEORY AND METHODS

A. Fast multipole method and hierarchical tree structure

Without loss of generality, the electrostatic potential can be
simply expressed as ϕ(r) =

∑N
j=1 ε

−1
0 q jG0(r,r′j), where G0 =

1/(4πR) is the Green’s function in free space with R = |r−r′j|
being the distance between the field point r and the source
point r′j; q j is the j-th point charge; and N is the number of
sources. When N is large, the computation becomes involved,
and the so-called FMM is typically used. The implementation
of FMM begins with spatial partitioning, as shown in Fig. 1,
which can be treated in terms of hierarchical structures. Within
the FMM, the potential at a given point can be contributed from
the far and near sources, i.e.ϕ = ϕnear +ϕ far, where ϕnear =∑Nnear

j=1 ε
−1
0 q jG0(r,r′j) is directly computed and ϕ far is obtained

by virtue of the multipole expansion of the Green’s function,
which reads as
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where rk,i denotes the i-th field point inside the k-th cell;
Ninteraction

cell,k is the number of interaction cells of k-th target cell.

Here, Lm
n and Fm

n represent the local expansion and the far field
expansion, respectively, which can be expressed as
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where r∗k denotes the expansion center in the k-th tar-
get cell; Y m

n (θ̃ , φ̃) =
√
(n−|m|)!/(n+ |m|)!P|m|

n (cos θ̃)eimφ̃ is
the spherical harmonic function in terms of the associated
Legendre function P|m|

n with (r̃, θ̃ , φ̃) denoting the spher-
ical coordinates associated with rk,i − r∗k . In addition, r′l,:
and r′∗l denote all source points and the expansion cen-
ter in the l-th interaction cell, respectively, as indicated
in Fig. 1(a); Sm,m′

n,n′ = Jn′,m′
n,m Y n+n′

m′−m(α,β )/ρn+n′+1 is the con-
version of the multipole expansion into the local expan-
sion, with Jn′,m′

n,m = i|m−m′|−|m′|−|m|Am′
n′ Am

n /[(−1)n′Am′−m
n+n′ ] and

(ρ,α,β ) being the spherical coordinates associated with r′∗l −
r∗k ; Am

n = (−1)n/
√

(n−m)!(n+m)!. Moreover, Mm′
n′ (r

′,r′∗)
is the multipole expansion, which reads as Mm′
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′
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′
l
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j=1 q j r̃′j
n′Y−m′
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′
j), where (r̃′j, θ̃

′
j, φ̃

′
j) denotes the polar

coordinate associated with the vector r′l, j − r′l
∗; here, r′l, j and

Nl are the j-th source point and number of source points in
l-th interaction cell, respectively.
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Fig. 1. Illustration of spatial partitioning and hierarchical tree structure in
the FMM. (a) Spatial division at the third layer for a non-uniform distribution,
demonstrating the neighboring cells (green) and interaction cells (blue) of
the target cell (orange). The red and blue triangles represent the expansion
centers of the target and interacting cells, respectively. (b) The corresponding
unbalanced hierarchical tree structure.



One of the fundamental tasks in FMM is determining the
neighbor and interaction cells of a target cell. For balanced
trees, neighbors are at the same level and can be readily iden-
tified. However, traditional approaches often require traversing
the unbalanced trees to find the least common ancestor, which
reduces query efficiency, which can be improved by the pro-
posed algorithm based on Morton code.

B. Neighbor querying with Morton coding

Fig. 2 illustrates the proposed Morton coding procedure in
each layer. In general, the higher-order bits of the Morton code
of the child cells for the same parent node are identical (except
for the root cell). For example, a cell with the Morton code
112 in the first layer will have the same high two bits for all of
its child cells in the second layer. As a result, the relationship
between cells at different levels can be determined.
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Fig. 2. Illustration of the Morton encoding process. The coordinate
axes are divided into 2L identical parts in the L-th layer and are numbered.
The coordinates of the cell are bit-interleaved and transformed into a one-
dimensional Morton code, which is represented in a binary code (alternating
red and blue).

Fig. 3 displays an example of an unbalanced quad-tree with
non-uniform distribution. The determination of neighbor and
interaction cells is based on two conditions: (i) the neighbors
of the target cell must exist within the child cells of its parent at
the same level (excluding itself), the parent cell’s neighboring
cells, and the child cells of the parent’s neighbors; and (ii) the
parent node of a neighbor at the same level must be a neighbor
of the target node.
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Fig. 3. Querying procedure for the neighbor and interaction cells of the
target node in each layer.

Without loss of generality, we use Fig. 3 as an example
to explain the querying method for identifying neighbor cells
(green) and interaction cells (yellow) of target nodes across
different layers. At the first layer (Fig. 3(a)), the root cell
encompassing all sources is divided into smaller cells. At

this level, all neighbor cells are at the same layer, and there
are no interaction cells, allowing neighbors to be directly
identified. In the second layer (Fig. 3(b)), spatial division
produces candidate cells (blue) satisfying the aforementioned
condition. The Morton code of the target node is offset to
compute the Morton codes of surrounding test units, which
are then compared with candidate cells. Matches are classified
as neighbors, while remaining candidates, having no lower-
level counterparts, are classified as interaction cells (Fig. 3(c)).
At the third layer (Fig. 3(d)), a similar procedure is followed.
Candidate cells are matched with Morton codes of test cells
to identify neighbors. Additionally, test cells belonging to
child cells of candidates lead to the classification of those
candidates as neighbors. The remaining candidates are consid-
ered interaction cells (Fig. 3(e)). Algorithm 1 summarizes the
proposed Morton code-based query method for the neighbor
and interaction cells. We shall stress that the proposed method
supports only the structured hierarchical trees such as quad-
trees and octrees, and quick querying methods for unstructured
and unbalanced trees require further investigation.

Algorithm 1 Neighbor and interaction querying.
Require: I - target cell;

L - layer of target cell;
C - candidate cell determined by the condition (i).

1: neighbor, interaction = [] // initialize as an empty set
2: if L = 0 then
3: return // the root cell has no neighbors
4: end if
5: if L = 1 then
6: /* cells with same parent are neighbors */
7: return neighbor = C
8: end if
9: /* find neighbors at the same and lower layer */

10: neighbor += findSameLayerNeighbor(I,L,C)
11: neighbor += findLowLayerNeighbor(I,L,C)
12: return neighbor, interaction = C - neighbor
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