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Abstract—The Cell Method (CM) for the discretization of matrixC = C7 and therL7;><nf~ volume-face incidence matrix
electromagnetic boundary value doesot specify how to formulate D-_QT.

boundary conditions and how to determine energetic quanties. _ . .
These drawbacks are here removed reformulating CM by means Let now G, be therestriction of the primal gridg to the

of a pair of augmented dual grids and by proving a general resi boundano(2 of 2, havingn,,, nodespn., edges and, faces.

for introducing energetic quantities. Let G, be the dual of gridj, Such dual gric@b hasn;, =ny,

Index Terms—Computational Electromagnetics, Cell Method, nodes obtained by the non-empty intersections Withof the
Boundary conditions, Energetic quantities edges ofG, hasnz, = n., edges obtained by the non-empty

intersection withd2 of the faces ofG and hasn i, = N,

|. INTRODUCTION faces obtained by the non-empty intersection with of the

As it is well known, in CM the discretization of elec-Volumes ofg. Let Dy, be then; x nj incidence matrix of the

tromagnetic problems is based on a pairdbial grids, in 7@ volumes ofG with thenf~ faces ofG,. Similarly let C, be

general polyhedral [8]. Integral electromagnetic quéediare then; x ng, incidence matrix of the: s faces ofG with the

associated to oriented geometric elements of the dual grigsedges ofG, and letG, be then; x ng, incidence matrix

in such a way that electromagnetic balance equations aféethe n; edges ofG with the n; nodes ofG,. The union of

naturally discretized as exact equations. Constituti@ions the dual gridsG and G, define anaugmented oriented dual

are discretized by means of approximate equations reltti®g grid G,. The volume-face, face-edge and edge-node incidence

introduced integral quantities. matrices ofG,, namedG,, C, andD,, can be derived from
The formulation of CM suffers of two serious drawbackssrevious incidence matrices as follows

Firstly, the spacial boundary of a problem is not properlglde  Property 1:

with. In fact the electromagnetic balance equations redat

the geometric elements of thdual grid which intersect the G, = [ G ~g’2 - } ,
boundary ar@ot in general exact. Besides no general approach 0 -C,CGy
for discretizing boundary conditions exists. Secondlys ot ~ C C,
. . oy Cll = ~ ~ ~ s
known how to introduce energetic quantities [2]. 0 -D!/DC,
In this paper all these drawbacks of CM are removed. D — [ D D }
Firstly, the dual grid isasugmented by introducing a boundary ¢ bl
dual grid in such a way that all integral electromagnetic [1l. DISCRETE ENERGETIC QUANTITIES

quantities can be introduced on the boundary. Secondly § 4t .. pe an array of circulations along the edgegobr an
general result is proven for approximating energetic gtiaat array of fluxes through the faces 6f of a vector fieldX (r),

in CM. These two results allow to correct inexact balano&emgr the position vector, and le§ be an array of fluxes
equations, lead to the discretization of boundary comﬁ;tiothrough the faces of, or an array of circulations along the
and allow to introduce energetic quantities. They also kead edges ofG, of a vector fieldY (r). It results in

exact discrete counterparts of energetic balance eqation Property 2: For any pair of oriented dual grids, G, not

necessarily polyhedral, the discrete energetic quantity

T ~

Let G be a primal grid discretizing a spacial regiéh Ty @
having n, nodes,n. edges,n; faces andn, volumes, and provides an approximation of the energetic quantity
let G be an oriented dual having; = n, nodes,ng = ny
edges,nf~ = n, faces andn; = n,, volumes. As it is well /X(r) Y (r) d2.
known [2], the topological description of the primal giddis Q
provided by then. x n,, edge-node incidence matri&, the The convergence of this approximation is at least of firseord
ny xn. face-edge incidence matr&® and then, xn s volume- with respect to the maximum diametey; of G.
face incidence matriD. Similarly the topological description  Such result extends a similar result in the case in which
of the dual gridG is provided by then; x n; edge-node is an array of values at the nodesfor an array of integrals
incidence matrixG = —D7, thenf x ng face-edge incidence over the volumes of, of a scalar field:(r) andg is an array

Il. AUGMENTED DUAL GRIDS



of integrals over the volumes @, or an array of values at  Constitutive equations are discretized as usual by means of
the nodes ofG, of a scalar fieldy(r). Thus in all cases (1) the quantities ovef;, G. For instance electric and magnetic
provides an approximation of an energetic quantity. constitutive relations take the form [8], [3]
Ana_llogous results are derived for the discrete energetic d=M.e, h=M,b.
quantity _ ~ .
T~ @ Quantitye;, = C"bre over G, and quantityh, overg, provide
To Yo the way for discretizing boundary equations. For instance,
in which g, is an array of quantities associated to the faceadmittance boundary conditions ove?
nodes or edg(_ag of the poundary dual g@igd and z; is an (H(r) x n(r)) x n(r) = Y(r) E(r) x n(r)
array of quantities associated to the nodes, edges or fdces 0 . . _
the boundary primal gri@,, which can be selected from theare discretized by approximate equations of the form [4]
array  of quantities associated to the nodes, edges or faces e =M
. . . = ~ b — Y €Ep-
of the primal gridg respectively byz, = Gz, ;, = Clx _ N _ _
or x, = f)g‘m. Energetic quantities can also be determined. For instance
In particular in caser; is the array of the circulations alongthe electric energy, magnetic energy, electric power Gvand
the edges ofj, of a vector fieldX (r) and, is the array of flux of Poynting’s vector acros are discretized respectively

the circulations along the edges @f of a vector fieldY (r), by

(2) provides an approximation of 1d~*e lﬁ*b 11*6 lﬁ*e
e M
. X(r) x Y(r) - n(r) d<2 in which * indicates complex conjugate transpose.

. ) . ) By multiplying (3) on the left byh*, multiplying the
IV. CM DISCRETIZATION OVER AUGMENTED DUAL GRIDs Subtracting, the discrete counterpart of Poynting’s taeor

L follow
For the sake of simplicity hereafter an electromagnetic 1 1 1
boundary value problem in the frequency domain is consid- —hie, = 2iw <_ﬁ*b - _J*e> + =5
ered. As usual the array of the circulations of the electric 2 4 4 2

field E(r) along the edges of and the array of the fluxed Thusexact balance equations are disclosed for the introduced
of the magnetic inductioB(r) through the faces of are discrete energetic quantities.

introduced. Besides the arr;fy of the circulations of the By substituting the discrete electric constitutive equati
magnetic fieldH(r) along the edges of and the arraysl, into the expression of the discrete electric energy, itofo

j of the fluxes of the electric displacemebt(r) and of the that matrixM. not only allows to approximaté givene but
electric currentl (r) through the faces of are introduced. In also allows to approximate the electric energy giverirhis
addition, the arrayh, with the circulations ofi(r) along the double purpose oM. can be revealed in the same way for
edges ofG, and the array arrayd,, j, of the fluxes ofD(r) all matrices in constitutive relations and boundary condstion
andJ(r) t_hrough the faces qgf’;_b are intrpduced. In this way V. NUMERICAL RESULTS

the following arrays of quantities associated to the augeten

dual gridgG, are introduced A T M, is injected into a section of rectangular waveguide

_ _ _ terminated by a matching admittance boundary conditiofs Th
_| h d - d T _ | J problem is discretized over a tetrahedral grid with 32,141
ol hy | Ldy | g nodes and an augmented dual grid [4]. The flux of Poynting’s

>

vector at the port is estimated with 1% accuracy by (2).

These quantities allow to write exact balance equationk bot
on grid G and G,. Balance equations over the primal ggd VI. CONCLUSIONS
are written as usual. For instance Faraday’s equation is The full paper will include more in-depth description,
Ce — —iwb ©) complete proofs and details of the numerical analysis.
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