
Abstract- A control strategy is developed to minimize fuel 

consumption while maintaining good performance and drivability 

of Hybrid Electric Vehicle, HEV. The optimal control strategy is 

found in two stages. The first utilizes a mathematical search 

algorithm based on the calculus of variation to minimize fuel 

consumption and develop needed torque to achieve good 

performance. The second stage employs an artificial intelligence 

fuzzy logic based algorithm to ensure comfort and good 

drivability. The superiority of the optimization algorithm is 

demonstrated by applying it to a prototype HEV configuration 

and by comparison to readily available benchmark data. 

Index Terms--Optimization and Design, HEV and Applications. 

I. INTRODUCTION 

Much work was done to optimize the design and 

performance of HEV’s due to the demand for more 

environmentally friendly and fuel efficient vehicles [1]. The 

main principle is to design a power train that can develop the 

total tractive force necessary to operate the vehicle. The 

optimization of the powertrain is highly dependent on the 

design of the system components and the control strategy used 

to drive the HEV, Fig. 1. The powertrain components design 

optimization mainly addresses the design of the Electric Drive 

System, EDS, to provide maximum torque for different driving 

cycles in order to reduce the size of the ICE [2]. The real time 

AI based optimal control strategy presented in this work 

utilizes a calculus of variation algorithm which requires a 

continuous search space. Accordingly, a continuous 

mathematical model based on the Generalized Notion of 

Power, GNP is used to characterize the ICE and the Electric 

Motor - Generator, EMG, of the HEV’s powertrain [2]. The 

proposed AI based control strategy is used to allocate the total 

tractive force between the ICE and EDS, in order to operate 

close to the Optimal Operating Line, OOL, [2] and to ensure 

good drivability. 

 

 

 
Fig. 1  Toyota Prius Split Power Configuration   

II. THE OPTIMIZATION PROBLEM  

The optimization problem is of two folds. The first 

addresses the need to minimize fuel consumption and to 

achieve good performance. The second is centered on the 

issues of comfort and good drivability. The first objective is 

addressed by developing a control strategy that allocates 

torque between the ICE and the EDS so as to minimize fuel 

consumption while meeting the required power demand for 

various driving cycles and maintaining batteries sustainability 

and satisfying the State Of Charge, SOC constraint. 

Accordingly, the calculus of variation cost function that 

correlates with the above objective is given as follows: 
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where S is the SOC of the batteries and fm is the rate of fuel 

consumption. In addition, the good road performance is 

achieved by fulfilling the required power, Preq, for the HEV to 

follow the given real time driving cycle. This is equivalent to 

satisfying the following power constraint: 

reqedsice PPP                (2) 

The second objective is addressed by developing an AI 

based fuzzy logic algorithm to ensure good drivability 

(comfort). The good drivability is achieved by minimizing the 

torque hole (torque deficiency during shifting) [3]. This is 

done by predicting the speed schedule of the real time driving 

cycle and by computing the optimum gear ratio. A summary of 

the optimization process flow chart is shown in Fig. 2.  

 
 

Fig. 2 Optimization process Flow chart 
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III. APPLICATION AND RESULTS 

The proposed algorithm of Fig. 2 is used on the split – power 

configuration of Fig. 1 for a prototype Toyota Prius. The 

implementation of the real time optimization algorithm and the 

calculus of variation of equation (1) above necessitate the use 

of a continuous model based on the Generalized Notion of 

power, GNP. The GNP is used to unify the notation for both 

the EDS and the ICE systems so it can be modeled in one state 

space equation [2]. The GNP is implemented as the vector 

multiplication of the effort variable vector e and the 

generalized displacement variable vector q to arrive at the 

needed power and torque of the HEV’s powetrain. The 

parameters of the state space can be computed from a series of 

magnetic field solutions or from measured data [2], in order to 

account for the magnetic material nonlinearities and complex 

geometry of the motor-generator components of the EDS. The 

GNP also uses the second law of thermodynamics to account 

for the irreversibility of the entropy generation by the ICE [2].  

 

A. Optimal Control Algorithm-Calculus of Variation 

 

The calculus of variation is used to obtain the sate and co-

state equations of the defined cost function of equation (1). 

These equations are then solved for the optimum Hamiltonian 

shown below:  
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where, )(42

0 icereqi PPRUK  , I is the electric machine 

current in A, Q is the battery capacity in C, Ri is the battery 

internal resistance in Ω, Uo is the battery open circuit voltage 

in V, ηem is the EMG efficiency, e is the intrinsic ICE energy 

conversion efficiency, Hv is the lower heating value of fuel in 

J, and Pml is the mean friction pressure in Pascal. 

The optimum Hamiltonian is mainly function of Pice and thus 

to obtain the optimum Pice the first and second derivative of the 

Hamiltonian with respect to Pice  are taken. Then the optimum 

Pice is calculated as follows:  
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B. Optimal Control Algorithm –AI based FL 

The AI based fuzzy logic algorithm is used to ensure good 

drivability by predicting the speed of the driving cycle ahead 

and by computing the optimum gear ratio. The prediction of 

next required speed is done by an ANFIS that computes the 

key features of the HEV driving schedule and performs a 

pattern recognition strategy to obtain the correct driving cycle 

and predicts the corresponding speed schedule. A second 

fuzzy logic unit is used to improve the comfort of driving by 

calculating the optimum gear ratio that minimizes the Driving 

Index, DI. This index summarizes several indicators of good 

drivability such as noise ratio etc. [3] and is defined by a 

membership function.  

IV.  RESULTS 

The HEV of Fig. 1 is tested for the Urban Driving Cycle, 

UDC. The application of the proposed control algorithm 

resulted in the ICE efficiency Map, and the EDS torque speed 

characteristics. The predicted results are shown in Fig. 3 to 

Fig. 5 as compared to available benchmark data for validation 

[4]. An inspection of the results reveals the superiority of the 

proposed algorithm as the HEV operates next to maximum 

efficiency in terms of torque and drivability is higher than 7/10 

comfort level. More results and full details will be given in the 

paper. 
 

 
Fig. 3 Optimal engine operating points on fuel consumption map (○ 

benchmark controller; *: optimal controller) 

 
Fig. 4 EDS Torque Speed Characteristic (○ benchmark controller;  

           * optimal controller) 
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Fig. 5 Driving Index, DI, (- benchmark controller; x optimal controller) 
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