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Abstract — This paper presents a novel procedure for the fas
numerical integration of magnetic field produced byarc-shaped
conductors, characterized by rectangular cross seoh. Available
procedures are based on the analytical integrationof Biot-
Savart's law but, most of them, exploit the analytial integration
along one coordinate, and then perform a two dimemsnal
numerical integration. In the proposed procedure, he analytical
integration was performed along two coordinates, diaining a
one dimensional integrand (thus avoiding the use oElliptic
Integrals), very easy to process using a state-dig-art numerical
quadrature library. The result is very satisfactory in terms of
high speed and precision, particularly on conductosurface, and
when its cross dimensions are very uneven.

|I. INTRODUCTION

Magnetic field generated by current flowing
conductors is calculated through the integration Babt-
Savart’s law, that sadly cannot be evaluated isedddorm for
arbitrary conductor shapes. For bar-shaped conduciose
formulas are available. In the other cases, direcherical
integration, though possible, is computationalliensive and
subject to numerical problems due to the intringicgingular
structure of the integrand. Most researchers thereldped
methods characterized by a first analytical intégraalong
one coordinate, and then a two dimensional
integration [1-2], usually involving elliptic integls [3-7]. For
this reasons, a novel procedure was developeditivagrating
analytically along two coordinates, leads to a dimeensional
integrand. Such integrand (though characterized sbge
singularities) can easily be

logical procedure similar to EFFI [8], but appetysbe even
simpler and more compact.

Il. THEANALYTICAL DEVELOPMENTS
Starting from Biot-Savart’s law (1), it is well knm that,
for bar-shaped conductors, an analytical soluti@mviding the
field in every point does exist. The problems arigth arc-
shaped conductor, indispensable to model complig co
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Assuming a cylindrical local coordinate system &, Z,
defined on the arc axis, the arc can be expressed a
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The first analytical integration is then performedng Z; the
second along R; the procedure is relatively stitéogvard for
By and B, i.e. the components laying on planes parall¢héo
current. On the contrary, the analytical integmatis more
involved for B, which usually is also the most important
component. Naming field point coordinatespa$, z we get:

zmt =z, — z (5)

zmd =z, —z (6)

pz = p* @)

Ty =p-cos(p —0) (8)

Ry = p-sin(p —6) 9)

Raz = RA2 (10)

Ry = /1% + pp — 2Ty, + zmt2 (11)
Ry = /1,2 + p, — 2Ty7, + zmd? (12)
Ry =12+ p, — 2Ty1; + zmt? (13)
Ry = /1% + pp — 2Tyry + zmd? (14)
A=Ri-1+T, (15)
B=R,—1,+T, (16)
C=R;—1+T a7)
D=R,—1, +T, (18)

n, = (zmt + A)2 + Ry, (19)

n, = (zmd — B)? + Ry, (20)

ng = (zmt — C)? + Ry, (21)

n, = (zmd + D)? + Ry, (22)

dy = (zmt — A)? + Ry, (23)

d, = (zmd + B)? + R,, (24)

d; = (zmt + C)? + Ry, (25)

d, = (zmd — D)2 + Ry, (26)

M = n1n2n3n4/d1d2d3d4 27)
ngy = atan2(—Ry, zmt + A) (28)
ns, = atan2(Ry, zmd — B) (29)
Np3 = atan2(Ry, zmt — () (30)
ng, = atan2(—Ry,zmd + D) (31)
dry = atan2(Ry, zmt — A) (32)
ds, = atan2(—Ry,zmd + B) (33)



dr3 = atan2(—Ry,zmt + C) (34)
dr, = atan2(Ry, zmd — D) (35)
f = (nfl + nfz + nf3 + nf4) - (dfl + de + df3 + df4) (36)

L, =zmtln (%) + zmd In (%) (37)

_ (2R1—A)(2R4—D)
ny - Rl - RZ - R3 + R4 + Tlln(m) (38)
B, = %f;ﬁz Lyy - cos(¢) do (39)
B, = — %f;f Lyy - sin(e) do (40)

1
B, ==L ["(L, + T, In(M) + f Ry do (42)
where “atan2” has the same meaning of Fortran lagegu

To calculate the components of the induction, thfds
integrals must be evaluated (39-41). We decideds® the
numerical quadrature package TOMS691 [9],
precision version. Such library is based upon Gauoss
quadrature integration; it is therefore extremedgful as it can
naturally treat integrand singularities (due to pmeperty that
Gauss integration never samples the integrand tervad

boundaries). The chosen routine was the DQAGP, lwhit2

provides adaptive integration of singular integandhe
singularities do arise from the above reported iegghe cases:

@ = 0 + arccos (—'pz+(:k_z)2> + Nm, k € {1,2},N € {0,1} (42

2
pe+ry

2
=60+ arccos(zp

),k €{1,2} (43)
It is apparent that singularities may only occurthé field
point lies on conductor surface, fér¢ andB@=¢+1L Also for
some field points belonging to the z axis the méthannot
provide a numeric solution; in this case the welkkn
analytical formulas are used to compute the cowvatie of
the magnetic induction.
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lll. RESULTS

Tests were performed on the required design spatidins of
the algorithm, to assess the speed, the accuraiheaksults,
and the stability of the numerical result when #spect ratio
of coils cross section tends to be very unfavowahll test
cases were run on a PC equipped with a 3.16 GHz CPU

A. Radial path acrossan arc coil

This case is characterized by a radial path corlylet
contained into the conductor, going from the intéériace up
to the external one. Usually the surface of commhscts the
most critical area, especially for superconductdhe arc is ¥4
of a solenoid. In Fig. 1 the comparison betweerrésealt from
the proposed algorithm and commercial softwareejmorted.
The two curves are perfectly overlapping.

B. Tangential path along the internal face of an arc coil

This case was developed to test the behavior aftegration
procedure along the angular variable. To solventimerical
problems arising in the singular azimuthal coorténpoints
(egs. (42) and (43)), they had to be identified passed to the
integration routine. The testing proved this sggteuccessful.
The arc is ¥4 of a solenoid.

in doubl

C. Semicircular path along the axis of a solenoidal coil

This test case was needed to verify the qualitthefresult on
a sphere, centered on the axis of a solenoid, litht sentre
not coincident with the solenoid centre. Due to smmetry
of the problem the field was just computed on ax@laith
fixed angular coordinate, leading to a semicircpiah.

In Tab. | the column labeled “Avg. samplings” refgothe
total number of samplings of the integrand, dividad the
number of field points (¥0in our tests). With standard
algorithms, C.P. times were about fifty times lartgen ours,
even though it is hard to make exact time measunsné
commercial codes the integration is deeply embediatedthe
code, and source code is not available to place trarkers.
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Fig. 1. Magnetic induction Hor test case A.
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TABLE |
C.P. TIMES FOR 10FIELD POINTS, SAMPLINGS AND ACCURACY
Case Avg. samplings Abs. Accuracy [T] Total C.Fnd [s]
A 228 1.0e04 1.02
A 54¢ 1.0e09 2.87
B 412 1.0e-04 231
B 915 1.0e-09 459
C 21 1.0e-04 0.19
Cc 21 1.0e-09 0.19
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